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SUR LA REPRESENTATION INTEGRALE DES 
CERTAINES OPERATIONS LINEAIRES. IV 
OPERATIONS LINEAIRES SUR L’ESPACE LZ,’ 


N. DINCULEANU ert C. FOIAS 


1. Introduction. La premiére partie de cet article a un caractére intro- 
ductif; on reprend I’étude des mesures vectorielles sur un espace localement 
compact, présenté dans (8) pour les espaces compacts. 

Dans la seconde partie on donne un théoréme de représentation intégrale 
d’une mesure vectorielle par rapport 4 sa variation (théoréme 2), duquel on 
déduit une généralisation du théoréme de Lebesgue—Nikodym (théoréme 3) 
et une généralisation du théoréme de Lebesgue sur la décomposition d'une 
mesure (théoréme 5). Ces théorémes ont été déja démontrés par les auteurs 
sous des conditions un peu plus restrictives, (10) et (13), mais ici les démon- 
strations sont nouvelles, et l’ordre dont on les déduit l'un de l'autre, est 
inversée. 

Du théoréme 2 on déduit aussi un théoréme qui donne une condition néces- 
saire et suffisante pour qu'une application linéaire de l’espace L,?(v) dans un 
espace de Banach puisse étre représentée sous une forme intégrale (théoréme 
6). De ce théoréme, qui nous semble nouveau, on déduit le théoréme de C. T. 
Ionescu Tulcea (15) concernant les fonctionnelles linéaires et continues sur 
l'espace L,’(v) et un théoréme concernant les applications linéaires et con- 
tinues de l’espace L,'(v) dans un espace de Banach, donné par |’un des auteurs 


dans (6). 


I. MESURES VECTORIELLES 


1. Préliminaires. Soient 7 un espace localement compact et % le clan 
des parties boréliennes relativement compactes de 7. Soient € = (E(t)) ur 
une famille d’espaces de Banach et X un espace de Banach. 

Désignons par €(€) l'ensemble des champs de vecteurs x définis sur 7, 
tels que x(t) € E(t) quel que soit ¢ € 7. La norme d’un élément a appartenant 
4 l'un des espaces E(t) ou X sera notéé par |a|. Six € €(@), on désigne par 
|x| la fonction numérique ¢ — |x(¢)|. Pour tout x € €(€) et tout A C T on 
pose 


\|x||4 = sup |x(¢)| 


teA 


et ||x|| = ||x/|r-. 


Recu le 17 novembre, 1959. 
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Supposons qu’il existe une famille fondamentale' a C €(€) de champs de 
vecteurs continus. 

Un champ de vecteurs x € €(€) est continu (part rapport a a) au point 
to € T, si pour tout nombre « > 0, il existe un voisinage V de ¢) et un champ 
de vecteurs y € a, tels que 


x(t) —y(@| <« 


pour ?€ V. 

Si un champ de vecteurs x est continu au point fo, alors la fonction numérique 
|x| est continue en fo. 

Lorsque tous les espaces E(t) sont identiques 4 un espace de Banach E, 
on prend pour a l'ensemble des applications constantes de 7 dans E, et on 
identifie a avec E. Dans ce cas la continuité par rapport a a est la continuité 
habituelle. 

Dans ce qui suit, (a l'exception du théoréme 6), on supposera que a vérifie 
l’axiome suivant: 

(i) Quels que soient A,B € 8, AC B,x€ a et e>O, il existe y € a tel 
que gaX = gay et |ly\|2 < ||X||4 + €. 

Dans le cas of} E(t) = E quel que soit ¢ € 7, l’axiome (i) est vérifiée. 

Pour tout A € &, la fonction x — ||x||, est une séminorme sur a Si A C B, 
alors ||x||4 < ||x||2. Pour tout A € %, on désigne par a, l’espace vectoriel 
a muni de la topologie de la convergence uniforme sur A, définie par la sémi- 
norme ||x||,4, est par 2(a,4, X), l’espace de Banach des applications linéaires 
et continues de a, dans X, munit de la topologie définie par la norme 

\|U\|, = sup |Ux\. 
E|la<1 

Si A C B, alors (a4, X) C Lag, X) et ||Ull4 > || Ulla. 

Lorsqu’on écrit a, on entend que a est muni de la topologie d’espace locale- 
ment convexe séparé définie par la famille des séminormes (\[xl]4) 933 Y(a, X) 


est alors l’espace des applications linéaires et continues de a dans X. On a 


¥(a,X) = U La, X). 
( aed , 


2. Mesures vectorielles. On appelle fonction vectorielle d'’ensemble, toute 
application m de $ dans &(a, X), vérifiant l’axiome suivant: 
(j) pour tout A € B et x,y € a tels que o4X = gay, Ona 


m(A)x = m(A)y. 
Si E(t) = E quel que soit ¢ € 7, la condition (j) est superflue. 


1Une famille fondamentale de champs de vecteurs continus @ est un sous-espace vectoriel 
de @(€) tel que: la fonction numérique ¢ — |x(¢)| soit continue quel que soit x € W, et 
l'ensemble {x(¢)|x € %} soit dense dans E(t) quel que soit ¢ © T. En ce qui concerne les 
champs de vecteurs, voir (14). 
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PROPOSITION 1. Si m est une fonction vectorielle d' ensemble, pour tout A € B 
ona m(A) € &(a,, X) et 


\|m(A)||4 = ||m(A)||2 
quel que soit B € B tel que A C B. 


Soit A € B; ona m(A) € &(a, X), donc il existe C € B, tel que ||m(A)||¢ 
< +o. Pour tout B € B tel que AC Bona 


|m(A)||e < ||m(A)||,. 


Pour montrer |'inégalité inverse, soient « > 0 et x € a tel que ||x\||, < 1. 
D’aprés l’axiome (i), il existe y € a, tel que g4X = guy et |ly|ip < 1 +. 
D’aprés l’axiome (j) on a 





m(4) 2 < (1 + ¢) ||m(4)||s << + © 


jm (A )x| = |m(A)y| = (1 + «) 
donc 
||m(A)||4 < (1 + ©||m(A)||2 
et comme e est arbitraire, on déduit 
||m(A)||4 < ||m(A)]|». 
En prenant B € $ tel que A U CC B, on déduit 
\|m(A)|l2 < ||m(A)|le < + @ 


donc aussi ||m(A)||4 < + ©, ce qui achéve la démonstration. 


Remarques. On écrira dans la suite ||m(A)|| au lieu de ||m(A)||,. Si (A,) 
est une suite d’ensembles de %, dont la réunion A» appartient a %, les normes 
\|m(A,)|| seront calculés par rapport 4 un ensemble quelconque B € S$ tel 
que Ay C B. Par exemple, la condition 


m(Ao) = >> m(A,) 
n=1 
signifie que la série est convergente dans &(a,, X) et sa somme est m(Ap¢). 
Définition 1. On appelle mesure vectorielle sur 7, toute fonction vectorielle 
d’ensemble m, telle que, pour toute suite (A,) d’ensembles disjoints de %, 
dont la réunion appartient 4 %, on ait 


m( U A.) = > m(A,). 
n=1 n=1 


On déduit que si m est une mesure vectorielle sur 7, on a m(¢) = 0, et 


m( ¥ A.) = > m(A ,) 


i=1 i=1 


pour toute famille finie (A,)1<;<, d’ensembles disjoints de 8. 











532 N. DINCULEANU AND C. COIAS 


Définition 2. On dit qu’une mesure vectorielle m sur 7 est réguliére, si 
pour tout A € % et tout « > 0, il existe un ensemble compact K C A et un 
ensemble ouvert relativement compact GA, tels que si A’ € © et 
K CA’ CG, on ait 

\|m(A) — m(A’)|| < «. 


Remarques. D’aprés la définition 1, une fonction positive d’ensemble y est 
une mesure positive, si u est dénombrablement additive et u(A) < + © pour 
tout A € 8. Une mesure complexe réguliére uw sera identifiée dans la suite 
avec la mesure de Radon Sfdu qu'elle engendre.’ 


3. Variation d’une mesure vectorielle. Soit m une mesure vectorielle 
sur T. Pour tout A € $ posons 


u(A) = sup > jm (A ;)}| 


le sup. étant considéré pour toutes les familles finies (A,) d’ensembles dis- 
joints de %, dont la réunion est A. 

La fonction d’ensemble yu sera appelée la variation de m; elle a les pro- 
priétés suivantes: 

1°. 0 < w(A) < + © pour A € @; 

2°. u(A) = 0 si et seulement si m(B) = 0 pour tout B C A, (A, BE 9); 

3°. u(A) < p(B) si AC B, (A,B éE 8); 


£. ( G 4,) = } u(A,) 
n=1 


= 
pour toute suite (A,) d’ensembles disjoints de $8, dont la réunion appartient 
a B; 

5°. ||m(A)|| < w(A) pour A € &. 

La variation de m est /a plus petite fonction positive d’ensemble, dénom- 
brablement additive, vérifiant l’inégalité 5° pour tout A € B. 

On dit que m est a variation finie p, si u(A) < + © quel soit que A € &. 

PROPOSITION 2. Une mesure vectorielle a variation finite est réguliére si et 
seulement si sa variation est réguliére. 


La démonstration est la méme que pour le cas ol T est compact (8). 

Remarque. Si m est une mesure réguliére complexe, alors la variation u de 
m est égale au module |m| de m (voir (2)). 

4. Sémivariation d’une mesure vectorielle. Soit m une mesure vec- 


torielle sur 7. Pour tout A € %, posons 


p(A) = sup| > m(A,)x;,! 





*Pour ce qui concerne les mesures de Radon, voir (2). 
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le sup. étant considéré pour toutes les familles finies (A ,),.; d’ensembles 
disjoints de 8 dont la réunion est A, et toutes les familles finies (x,),.1 de 
champs de vecteurs appartenant a a, tels que ||x,||,4 < 1. En vertu des axiomes 
(i) et (j), la condition ||x,|4 <1 peut étre remplacée par la condition 
||X.||2 < 1, od B est un ensemble quelconque de % contenant A. 

La fonction d’ensemble 7, s’appelle la sémivariation de m; elle a les pro- 
priétés suivantes: 

1°. 0 < @(A) < + © pour A € @; 

2°. a(A) = 0 si et seulement si u(A) = 0; 
3°. a(A) < a(B) si ACB, (A, BE 9); 
4°. @ est dénombrablement sous-additive; 


\|ma(A)|| < @(A) < w(A) pour A € &. 
PROPOSITION 3. Si X = C, ona f(A) = w(A) pour tout A € ®. 


Soit A € B. Il reste A montrer seulement que 4(A) < @(A). Pour ce faire, 
soient « > 0 et (A,)i<i<_ une famille finie d’ensembles disjoints de 8, dont 
la réunion est A. Pour chaque i, il existe x, € a tel que ||x,||, < 1 et 


\|m(A,)|| < m(A,)x, + : 


Alors 


Dd |Im(A,)|| < D m(A,x, + < aA) + 


i= 1 i= 1 
donc 


u(A) < @(A) + €. 


Comme e est arbitraire, on déduit 4(A) < f(A) et ceci achéve la démonstra- 
tion. 


5. Champs de vecteurs étagés. On dit qu’un champ de vecteurs 
x € @(€) est (a, B)-étagé, od, simplement, étagé, s'il est de la forme 
x=) oad (A, € Bx, € al Ci¢n). 


t 
Désignons par ©,(7), l’'espace vectoriel des champs de vecteurs étagés, et 
£ I , £ 
par €(7) l’espace vectoriel des fonctions numériques étagées. 
On peut toujours écrire un champ de vecteurs étagé 
x= p J Gah 
: 
de telle maniére que les ensembles A, soient disjoints. Alors 


i 


est une fonction numérique étagée. 
Soit m une mesure vectorielle A variation finie x. 
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Pour tout champ de vecteurs étagé 


a= + GA;Xi, 
t 


fxem 


de x par rapport a m, par |’égalité 


f xem = > m(A,)x;. 


x— fxdm 


PRopoSITION 4. Pour tout champ de vecteurs x € ©,(T) ona 


| fi ém| < Ji du. 


Pour la démonstration voir (8). 
Désignons par 8’ l'ensemble des parties B C T, telles que A/\ BE &, 
quel que soit A € B; B’ est une tribu. 


Si x € ©, (T) et A € MB’, alors g,x € &,(T). 


on définit l’intégrale 


L’application 


de €,(T) dans X est linéaire. 


Proposition 5. Soit x € (7). Pour toute suite (A,) d'ensembles disjoints 
de B’, ona 


xdm = >> | x dm. 
a n=1 An 
U A, 
n=1 
6. Intégration des champs de vecteurs. Soit m une mesure vectorielle 
4 variation finie u. Pour tout x € ©,(7) posons 


N,(x) = f |x| du. 
L’application x — N,(x) est une semi-norme sur €,(7); la topologie définie 
par cette semi-norme est la topologie de la convergence en moyenne. 


Définition 3. On dit qu’un champ de vecteurs x € €(€) est u-intégrable, 
s'il existe une suite (x,) de champs de vecteurs étagés, convergente vers x 
u-presque partout et qui soit une suite de Cauchy pour la topologie de la 
convergence en moyenne. 


Désignons par L,'(u) l’espace vectoriel des champs de vecteurs y-intégrables. 








nts 


alle 
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On déduit aussit6t que si x est un champ de vecteurs y-intégrable, alors |x| 
est une fonction numérique ys-intégrable. 


On considére sur L,'(yz) la topologie de la convergence en moyenne, définie 
par la sémi-norme 


N;(x) -{ \x\dy pour x € La(y). 


On montre que Z,'(u) est un espace complet pour cette topologie, et l’espace 
€,(7) est dense dans L,'(u). 


PROPOSITION 6. Si (X,) est une suite de chamsp de vecteurs de Lq'(u), dont 
les supports sont contenus dans un méme ensemble compact, et si la suite (X,) 
est uniformément convergente vers un champs de vecteurs X, alors x est u-intégrable 
et 


lim N,(x, — x) = 0. 
na 
La démonstration est immédiate. 


Définition 4. Un champ de vecteurs x € €(€) est m-intégrable si x est 
u-intégrable. 


De la proposition 4 on déduit que l’application x — {xdm de €,(7) dans X 
est continue pour la topologie de ia convergence en moyenne. Comme €, (7°) 
est dense dans L,'(u) pour cette topologie et X est complet, |l’application 
x — fxdm se prolonge uniquement, par continuité, A une application linéaire 
et continue de L,'(u) dans X, notée toujours Jxdm. On a encore 


| 
Sxcm| < f isi au pour x € La(). 


Pour tout x € Lq'(u) on appelle Jxdm l’intégrale de x par rapport A m. 
On écrit aussi L,'(m) au lieu de Z,'(z). 

On désigne par 8(m) ou B(x) le clan des parties u-mesurables et relative- 
ment compacts de 7. Si A € B(m) et x € a, alors g4x € L,'(u). Pour tout 
A € B(m) on définit m(A) par l’égalité 


m(A)x - | ¢4x dm pour xX € a. 


On déduit aussitét 

(1) m(A)x = m(A)y si gaX = gay, A € B(m), x,y € a; 

(2) ||m(A)|| = sup |m(A)x\. 

ixi|pel 

quel que soit B € B(m) tel que A C B; 

(3) m(A) est dénombrablement additive sur 8(m). 

On désigne par 8’(m) ou %’(u) la tribu des parties u-mesurables de 7; 
%’(m) est donc l'ensemble des parties B C T telles que A (\ B € S(m) 
quel que soit A € B(m). 
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7. Mesures vectorielles réguliéres. Désignons par &,(7) l’espace vec- 
toriel des champs de vecteurs x € €(€) continus (par rapport a a) et a sup- 
port compact. Pour tout A C 7, &,(T, A) est le sous-espace de &,(7T) formé 
des champs de vecteurs dont les supports sont contenus dans A. Tout champ 
de vecteurs x € &,(7) peut étre approché uniformément par des champs de 
vecteurs de ©,(7), donc ®,(7) C L,'(m). 


PROPOSITION 7. Si m est réguliére et d variation finie, alors R(T) est dense 
dans L,'(m). 


En effet, la variation » de m est une mesure positive réguliére, et tout 
champ gx, (A € %, x € a) peut étre approché dans Z,'(u) par des champs 
de &,(T). 


PROPOSITION 8. Deux mesures vectorielles @ variation finie et réguligres m 
et m’ sont égales, si et seulement si 


. . 
| xdm = | x dm’ pour tout x € (7). 
La démonstration est la méme que pour le cas of T est compact (8). 
On dit qu'une application linéaire U de &,(7T) dans X est majorée, s’il 
existe une mesure de Radon positive \ sur 7, telle que 


|U(x)| < | |x| dd pour tout x € §,(7). 


Il existe alors (7) une plus petite mesure de Radon positive »v sur 7, majorante 
de U. 

Si m est une mesure vectorielle réguliére et 4 variation finie yu, et si l’on 
pose 


U(x) = fxam pour x € R,(7) 


alors U est une application linéaire de &,(7) dans X, majorée par yu; en outre, 
u est la plus petitite mesure positive réguliére (qu’on a convenu 4 identifier 
a une mesure de Radon), majorante de U. 

Réciproquement, on a le théoréme suivant: 


THEOREME 1. Pour toute application linéaire et majorée U de ,(T) dans X, 
ilexiste une mesure vectorielle réguligre m A variation finie, et une seule, telle que 


U(x) = | xdm pour x R(T). 

En outre, la variation » de m est la plus petitite mesure positive majorante 

de U, et pour tout ensemble ouvert G € B, on a ||Ug|| = ~(G), od Ug est la 
restriction de U a l'espace &,(T, G). 


La démonstration est la méme que pour le cas of JT est compact (8). 
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Il. REPRESENTATION INTEGRALE DES OPERATIONS LINEAIRES SUR L,? 


Dans la suite de cet article on supposera que: 

(1) La famille fondamentale a vérifie l’axiome (G), c’est-a-dire qu’il existe 
une suite (x,) de champs de vecteurs appartenant 4 a, telle que la suite (x, (¢)) 
soit dense dans E(t) quel que soit ¢ € 7; 

(2) X est le dual F’ d’un espace de Banach F de type dénombrable. 

Les mesures vectorielles seront donc considérées A valeurs dans &(a, F’). 

Pour chaque ¢ € 7, désignons par G(t) l’espace &(E(t), F’) des applications 
linéaires et continues de E(t) dans F’, par @ la famille (G(é)),.r, et par €(@) 
l’ensemble des champs d’opérations U définis sur T tels que U(t) € G(t) quel 
que soit ¢ € T. 


1. Mesures vectorielles absolument continues par rapport a une 
mesure positive. On démontre d’abord le théoréme suivant qui est fonda- 
mental pour ce qui suit. 


THEOREME 2. Pour toute mesure vectorielle réguligre m, a variation finie pu, 
il existe un champ d’opérations Ug, € ©(G) déterminé localement y-presque 
partout, tel que || Um (t)|| = 1 et 


Cs, fx dm > = J (z, Um(t)x(t)) du(t) 
quels que sotent z © F et x © Lq'(y). 


Démonstration. Pour tout z€ F et x € a, la fonction d’ensemble m,, 
définie par l’égalité 
m, (A) = (z, m(A)x) pour A € B 
m,, est une mesure complexe réguliére sur 7. On a 
(1) \m.%(A)| < |z| ||x||4u(A) pour A€ % 


donc m,, est de base yu. II existe alors (2) une fonction complexe g,, définie 
sur 7, localement y-intégrable (déterminée localement yu-presque partout), 
telle que 


Mex = £2xh- 


Si l’on désigne par wu, le module (ou la variation) de m,, alors une fonction 
complexe ¢ définie sur T est essentiellement yu, ,-intégrable si et seulement si 
2: est essentiellement y-intégrable (2) et on a 


(2) fcam,, = Sees du pour © € Li (m,x). 


3L’intégrale essentielle par rapport 4 uw d'une fonction ¢ sera notée aussi par fgdy au lieu 


de fodu. 
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On déduit aussit6t qu'on a 
(3) Bor toner BixitOexs = CBiga x, 1 218282, 22 + 128i x, + C2828 e0 xs 


localement y-presque partout pour chaques 2, z2 € F, X;,X2€ a et a, as, 
Bs, B2 € C. 
Siz¢€ F, A € B, x,y € a et si g4X = guy, alors 


(4) Sea ™ Gog 
“-presque partout sur A. 
De (1) on déduit 
Mzx(A) < |2| ||x||4(A) pour A € B(yz) 
donc aussi 
#ex(B) < |e ||x||40(B) 


quel que soit B C A, (B € B(uz)). Il s’ensuit que L'(u,,) D L'(u). 
De (2) on déduit alors 


| , ee : 
(5) Je fox du| < Jie duzx < |2| sila f |e| du 
B 


quels que soient BC A, (A,B € B(u)) et ¢ localement u-intégrable. Fn 
particulier, comme ¢ = g,, est localement y-intégrable, |g,,|? est localement 
p-intégrable, et de (5) on déduit: 

(6) lgza(t)| < |2| ||x\|4 

u-presque partout sur A € B(z). 

Soit (x,) une suite de champs de vecteurs de a, telle que la suite (x, (¢)) soit 
dense dans E(t) quel que soit ¢ € 7, et soit ao l'ensemble des combinaisons 
linéaires 4 coefficients rationnels complexes des éléments de la suite (x,). Pour 
chaque ¢ € 7, soit Eo(t) = {x(¢)|x € ao}; Eo(t) est un sous-espace vectoriel 
(par rapport au corps des nombres rationnels complexes) dense dans E(t). 

Soit Fy le sous-espace de F formé des combinaisons linéaires a coefficients 
rationnels complexes des éléments d’une partie dénombrable dense dans F. 

Il existe un ensemble localement y-négligeable N,, tel que pour ¢¢ Nj, les 
relations (3) soient vérifiées quels que soient 2, 22 € Fo, X:,X2 € a et 
@1, @2, 81, Bz rationnels complexes. 

Il existe un ensemble localement yu-négligeable N2, tel que pour ¢ ¢ N2 on ait 


(7) lgex(t)| < |z| |x| 
quels que soient z € Fo et x € ao. En effet, fixons z € Fy et x € a» et posons 
A(z,x) = {tlg..(t)| > |2| |Ix(@|}. 


A(z, xX) est u-mesurable. Soit K C A(z,x) un ensemble compact, tel que 
£:x soit continue sur K. II existe un recouvrement fini de K formé par des 
ensembles G,, ..., G, ouverts dans K, tels que pour chaque 1 < i < n on ait 


inf |g,.x(t)| > |z| sup |x(¢)|. 


1eGi 1€Gi 





(u) 


ent 
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De (6) on déduit que G, est u-négligeable, donc K est u-négligeable. Si main- 
tenant H est un ensemble compact de 7, A (z, x) (\ Hest réunion d'un ensemble 
u-négligeable et d’une suite (K,) d’ensembies compacts telle que la restriction 
de g, sur chaque K, soit continue. Alors, chaque K, est u-négligeable donc 
A(z, x) (\ H lest aussi. Comme H est arbitraire, il résulte que A(z, x) est 
localement y-négligeable. On prend alors 

N2 = U A(z,x), 


zeFo 
KeaQo 


et pour ¢¢ Nz», la relation (7) est vérifiée quels que soient z € Fo et x € ao. 

Il existe un ensemble localement yu-négligeable N;, tel que pour chaque 
t¢ N; on ait 
(8) £2.x(t) - £2. (t) 


quels que soient z € Fo et x, y € ao vérifiant x(t) = y(t). 
En effet, fixons z € Fo et x,y € ao et posons 


B(z, x, y) _ { t|x (2) = y(t), £2.x(t) # £2y(t)}. 


B(z, x,y) est u-mesurable. Si K C T est un compact quelconque, de (4) on 
déduit que K /)\ B(z, x,y) est u-négligeable, donc B(z, x, y) est localement 
u-négligeable. On prend alors N; la réunion des B(z, x, y), (2 € Fo, X, ¥ © ao). 

Soit 

3 

N=UN, 

i=1 
Si pour tout ¢ € N on pose g,,(t) = 0 quels que soient z € Fy et x € ao, alors 
les relatious (3), (7) et (8) sont vérifiées pour tout ¢ € 7, quels que soient 
les indices appartenant a Fp et ao, et les nombres rationnels complexes aj, a, 
81, Bo. 

Fixons maintenant ¢ € T et 2 € Fo. Pour chaque a € E(t) on pose 
£2,a(t) = g2x(t) 

ou X € ao est tel que x(t) = a. De l'égalité (8) on déduit que g,,(¢) ne dépend 
que de a € Ep(t). 

Pour ¢t € T et a € E(t) fixes, l’application z— g,,(t) de Fo dans C est 
linéaire (par rapport au corps des nombres rationnels complexes) et continue 
(7), donc peut étre prolongée uniquement par continuité a une forme linéaire 
et continue g,(¢) sur F (donc g,(t) € F’). De (7) on déduit qu'on a 
(9) \ga(t)| < lal. 

Pour tout z € Fy ona 


(z, ga(t)) = ge.e(t). 


Fixons maintenant ¢ € 7. L’application a — g,(t) de Eo(t) dans F’ est linéaire 
(par rapport au corps des nombres rationnels complexes) et continue, donc 
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peut étre prolongée a-une application linéaire et continue U,,(t) de E(t) dans 
F’ (donc U,»(t) € 2(E(é), F’)) et 


(10) \| Uma (t)|| < 1. 
Pour X € ap on a donc 
Um (t)x(t) = gern (0) 
quel que soit ¢ € 7, donc pour z € Fo, x € agetti€ Tona 
(z, Um (t)x(t)) = g.5(6) 
d’od il résulte, pour A € &, 


. 7, . 
(11) Cs, | gax dm / =| (2, Um(t) oa (t)x(t)) du (t). 
Si 
ZE= > gas- Eu (Ay € Bi E ao) 


et z © Fo, on déduit 
(12) Cs fxam> = fe Um(t)x(t)) du(t) 
= ’ ii _ a, m ) Mh . 


Si x € a, et A € @ il existe une suite (x,) de champs de vecteurs de la forme 
précédente, uniformément convergente vers ¢4X; alors, pour z € Fo la suite 
(z, Um (t)x,(t)) est uniformément convergente vers (z, U,,(t)¢.4(t)x(t)), donc 
l’égalité (11) est vraie pour x € a et A € Q. Alors l'égalité (12) est vraie 
pour tout champ étagé x € ©,(7), et en appliquant le théoréme de Lebesgue 
on déduit qu’elle est vraie pour tout x € Z,'(m) et tout z € F. 

Montrons maintenant que || U,,(¢)| > 1 localement u-presque partout, d’od 
il s’ensuit que ||U,,(¢)| = 1 localement u-presque partout, donc partout si 
l’on modifie U,, sur un ensemble localement y-négligeable. 

Pour chaque xX € a, la fonction ¢t — | U,,(¢)x(¢)| est u-mesurable, comme 
borne supérieure de la suite de fonctions mesurables ¢ — |(z,, U,,(t)x(#))| od 
(z,) est une suite dense dans la sphére unité de F. 

La fonction t — || U,, (é) 





| est aussi u-mesurable, comme borne supérieure de 


la suite 
|Um(t)x(t) 
aa ee < = , ao 
x(t)| 
ot l’on convient de poser 
|Um(t)x(t)| _ 9 
x(t) 


si x(t) = 0. 
Pour chaque nombre naturel m posons 


\ 


l 
B, = 41 |Um(t)|| <1 — af’ 








is 
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B, est u-mesurable, donc est contenu dans un ensemble B,’ € 8’ tel que 
B,’ — B, soit localement y-négligeable. 
Soit K C T un ensemble compact. Pour tout z € F,x € aet A € Bona 


| (z, m(K () B,’ () A)x)| = f (z, Um(t)x(t)) dy(t) | 
iJ KNB, ’NA | 


On déduit alors 
jm(K 1) B,’ 1 A) < (1 - 2) u(K () B,’ 1) A) 


n 


donc si (A,) est une partition finie quelconque de K (\ B,’ en ensembles de 
BS, ona 


> mK BIA Ad < (1-4) KN BY) 
donc 


aK 0 Bi) < (1-4) wa By) 


ce qui entraine que K /\ B,’ est u-négligeable, donc B,’ (et aussi B,) est 
localement yu-négligeable. 
La réunion 


est localement y-négligeable. 
Mais 
B = {¢| ||Um(t)|| < 1) 


donc on a ||U,,(¢)|| > 1 localement yu-presque partout. 
Il reste 4 montrer l’unicité de U,,. Soit V un champ d’opérations défini 
sur T tel que V(t) € (E(t), F’) quel que soit ¢ € 7, et tel en outre que 


Cs, fx am > = fe V(t)x(t)) du(t) 


quels que soient z © F et x € L,'(m). On déduit alors que 
f «, (Um(t) — V(t))x(t)) du(t) = 0 
VA 

quels que soient z € F, A € Bet x € a, donc 


(z, (Um(t) — Vi(t))x()) = 0 


localement y-presque partout, pour chaque z € F et x € a. En faisant zg 
parcourir Fy on déduit d’abord 
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Um(t)x(t) = V(é)x(¢) 


localement y-presque partout pour chaque x € a. 
En faisant x parcourir ao, on déduit enfin que 


Um (t) - V(t) 
localement y-presque partout. Ceci achéve la démonstration du théoréme. 


Remarques. 

1°. Soit U € €(G) tel que pour chaque z¢€ F et x €a, Ja fonction 
t — (z, U(t)x(t)) soit w-mesurable. Alors, pour tout z¢€ F et tout champ 
x € €(€) mesurable par rapport a yu et a, les fonctions ¢ — (z, U(t)x(?)), 
t — | U(t)x(t)| et t > || U(®|| sont u-mesurables. 

En effet, soit z € F et x € €(€) mesurable par rapport a uw et a. Si K C T 
est compact, alors ¢xX est limite u-presque partout d’une suite (x,) de champs 
étagés, donc ¢ — (z, U(t)x(t))ex(t) est u-mesurable comme limite yu-presque 
partout de la suite de fonctions u-mesurables t — (z, U(t)x,(#)). On applique 
ensuite le principe de la localisation et on déduit que ¢ — (z,U(#)x(t)) est 
p-mesurable. 

Puisque ¢ — |(z, U(¢)x(¢))| est u-mesurable, en faisant z parcourir une suite 
dense dans la sphére unité de F, on déduit que ¢ — | U(t)x(#)| est u-mesurable. 
Enfin, la fonction t — || U(é)|| est u-mesurable comme borne supérieure de la 
suite de fonctions u-mesurables 





_, 1UMx®| , - 
(x(t) ’ . 0) 
ot l’on pose 
Wx)! _ 
x(t) 


si x(t) = 0. 

En particulier, cette remarque est valable pour U,,. 

2°. Si F’ est de type dénombrable, alors pour tout champ x € €(€) mesur- 
able par rapport a yu et a, la fonction t — U,,(¢)x(é) est u-mesurable. 

En effet, pour chaque z € Fet 2’ € F’ la fonction t — (z, U,,(t)x(t)) — (z, 2’) 
est u-mesurable. En faisant z parcourir une suite dense dans la sphére unité 
de F, on déduit que la fonction ¢ — | U,,(t)x(t) — 2’| est u-mesurable. Soit 
(z,’) une suite dense dans F’, e > 0 et K C T compact. Pour chaque n posons 


B, = {t||Um(t)x(t) — a’| < «} OK. 


Alors B, est u-mesurable et 
U B, = K. 
n=1 


Il existe une suite (A,) d’ensembles disjoints u-mesurables, telle que 


@ 


U A, _ U B, 
n=1 


n=1 
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et A, C B, pour chaque n. Posons 
Zz. - du PAntn « 


z,’ est u-mesurable et pour chaque ¢ € K ona 
Um(t)x(t) — zi(t)| < «. 


Il s’ensuit que ¢t — U,,(t)x(¢) est u-mesurable sur K, comme limite uniforme 
sur K, de fonctions u-mesurables. En vertu du principe de la localisation, 
t — U,,(t)x(t) est u-mesurable. 

Comme | U,, (¢)x(t)| < || Um (é)|| |x| = |x(], il s’ensuit que si x € L,'(m), 
alors la fonction t + U,,(t)x(¢) est yw-intégrable, donc: 

Si F’ est de type dénombrable, alors pour chaque x € L,'(m) on a 


fx dm = Jf Um(tyx( du(t) 


et pour chaquex C€aet AC Bona 





m(A)x = f Um(t)x(t) du(t). 
A 


Dans ce cas, le théoréme 2 a été démontré par une voie différente dans (8). 

3°. S'il existe une famille fondamentale D C €(@) vérifiant l’axiome (G) 
et la condition suivante: 

(T) la fonction t — V(¢)x(t) est u-mesurable quel que soit V € D et x € a, 
alors U,, est mesurable, relativement a » et D, donc 

Um € LS (u). 

En effet, soit (V,) une suite d’éléments de D, telle que la suite (V,(¢)) soit 
dense dans G(t) quel que soit ¢ € 7. On déduit d’abord que chaque G(t) est 
de type dénombrable, donc F’ l’est aussi; alors t — U,, (¢)x(¢) est u-mesurable 
pour tout x€ a (remarque 2). Pour chaque 2, la fonction t— V, (t)x(t) — Ug, (t)x (0) 
est alors u-mesurable donc la fonction ¢ — || V,(¢) — Um (¢)|| est u-mesurable 
(remarque 1). 

Soit « > 0 et K C T compact. Pour chaque  posons 

B, = {t| || V,(¢) ual Um (t)|| <6 OK. 


B,, est u-mesurable et 


Soit (A,) une suite d’ensembles disjoints u-mesurables, telle que 


UA, = K 
n=1 
et A, C B, pour chaque n. Posons 
U.= Do vaVe- 


n=1 
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U, est mesurable par rapport a wu et D, et pour? € K ona 
|| Ue() — Um(t)|| < «. 


Il s’ensuit que U,, est mesurable (par rapport 4 uw et D) sur K, comme 
limite uniforme sur K de champs d’opérations mesurables, donc, en vertu du 
principe de la localisation, U,, est mesurable. 

4°. Si E(t) = E quel que soit ¢ € 7, et &(E, F’) est de type dénombrable, 
alors, pour chaque A € $ ona 


m(A) = | Um(t) du(t). 
A 


5°. Si F = C, alors G(t) = E’(t) pour chaque ¢ € 7. Dans ce cas, xX,’ = Um 
est un champ de fonctionnelles de €(€’), ob © = (E’(t)) er. On peut alors 
écrire 


J xam - | (x(t), Xm’ (¢)) du(t) pour x L,'(m). 


S’il existe une famille a’ C €(@’), vérifiant l’'axiome (G) et telle que la 
fonction scalaire t — (x(t), x’(t)) soit u-mesurable quels que soient x € a et 


x’ € a’, alors x,,’ est u-mesurable, donc 


Xm’ € Lo (yz). 
6°. Si E(t) = C quel que soit ¢ € 7, alors &(C, F’) peut étre identifié a 
F’. Dans ce cas U,, est une application de 7 dans F’, donc 


Cs, | e(t)dm(t) > = | g(t) (z, Um(t)) du(t) pour ¢ Liu), z F, 


Si F’ est de type dénombrable, U,, est u-mesurable et on a 
. 


f eam) = j g(t)Um(t) du(t) pour ¢ | Lo(u) 
et 
m(A) -| Um(t) du(t) pour A € &. 
A 


7°. Si m est une mesure complexe, alors U,, est une fonction complexe 
sur 7, u-mesurable, et a valeurs sur le cercle unité du plan complexe. 

8°. Si m est une mesure réelle, alors U,, est 4 valeurs dans l'ensemble 
{— 1, 1}, donc est de la forme U,, = ¢4 — ¢3,00 AUB =TetAN\Be= ¢. 
Dans ce cas 

m= ak — Oph, MH = Gau + Ope 

donc m+ = gap et m- = opu. 

Soit vy une mesure positive sur 7 (v(A) < © pour A € 9%). 


On dit qu’une mesure vectorielle m est absolument continue par rapport 
a v, si v(A) = 0 implique m(A) = 0. 














rs 


la 


u) 
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PROPOSITION 9. Soit v une mesure positive sur T. Une mesure vectorielle m, 
a variation finie u est absolument continue par rapport a v, si et seulement si sa 
variation pw est absolument continue par rapport a v. 


Soit A € B telle que v(A) = 0. Si w est absolument continue par rapport 
av, on a w(A) = 0 donc m(A) = 0, c’est-a-dire, m est absolument continue 
par rapport a v. Inversement, si m est absolument continue par rapport A », 
pour tout B€ B tel que BCA on a m(B) = 0 (car »(B) = 0), donc 
u(A) = 0, c’est-a-dire » est absolument continue par rapport A ». 


Remarque. Si v est réguliére et m est absolument continue par rapport a 
v, alors m est aussi réguliére (car sa variation yu est réguliére). 

Le théoréme suivant est une généralisation du théoréme bien connu de 
Lebesgue—Nikodym. 


THEOREME 3. Soit v une mesure réguliére positive sur T. Une mesure vec- 
torielle m est a variation finie et absolument continue par rapport a v, si et 
seulement si il existe un champ d'opérations Vm, € ©(@), tel que la fonction 
t — || Va, (t)|| soit localement v-intégrale et que pour tout z © F et x © &%,'(m) on 
au 


Ks, | xdm > = | (zg, Vin (t)x(t)) dv(t). 


Le champ d opérations V,, est alors déterminé localement v-presque partout, et 
pour chaque A € B ona 


u(A) -| || Vin (t)|| dv(t). 
A 


Démonstration. Supposons que m est a variation finie et absolument con- 
tinue par rapport a v. Alors sa variation yu |’est aussi, donc il existe une 
fonction positive g sur 7, localement »-intégrable (déterminée localement 
y-presque partout), telle qu’une fonction complexe ¢ est essentiellement g- 
intégrable si et seulement si gg est essentiellement v-intégrable; on a alors 


f edu = fe dy pour ¢ € Le'(u). 


D’aprés le théoréme 2, il existe un champ d’opérations U,, © €(G) (déterminé 
localement u-presque partout), tel que || U,, (¢)|| = 1 et que pour tout x © ¥%,'(m) 


, 


et z € Fon ait (2, Umx) € Lc'(u) et 
Ks, | xm > = fe Um (t)x(t)) du(t). 
Si l'on pose V,, = gUm alors || V,,(¢)|| = g(t), donc la fonction t— || V,, (t)|| 


est localement v-intégrable et 


uA) = f |[Ven(t)|| arte 
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pour chaque A € &%. Si x € L,'(m) alors la fonction (z, V,,X) est essentielle- 
ment v-intégrable quel que soit z € Fet ona 


Cs, fx am > = fe Vm (t)x(t)) dv(t). 


L’unicité de V,, se déduit comme dans la démonstration du théoréme 2. 
Inversement, si V est un champ d’opérations tel que la fonction ¢ — || V(¢)|| 
soit localement v-intégrable et que pour tout z € F et x € Z,'(m) on ait 


Cs, fx dm > = J (z, V(t)x(t)) dv(t) 


alors m est absolument continue par rapport a v. On a alors 
||m(A )|| < | || V(t)dv(t) pourA € B 
A 


d’ot l’on déduit que m est a variation finie 4. De la premiére partie de la 
démonstration on déduit que V = V,, localement »-presque partout. 
Remarques. 


1°. Si F’ est de type dénombrable, alors 


fx dm = f Vim (t)x(t)dv(t) pour x € L,'(m) 


m(A)x = f Vm (t)x(t)dv(t) pourA € Betx € a. 
A 


2°. Si E(t) = E quel que soit ¢ € T et si 2(E£, F’) est de type dénombrable, 
alors 


m(A) -{ Vm (t)dv(t) pourA € &. 


3°. Si l’espace F ou si les espaces E(t) ne sont pas de type dénombrable, 
il est possible que V,, ne soit pas uniquement déterminé (& un ensemble 
localement v-négligeable prés). 


Exemple 1. T = [0,1]; v la mesure de Lebesgue sur 7; E(t) = E = C(T) 
quel que soit ¢€ 7, ot C(T) est l’espace des fonctions numériques continues 
sur 7, muni de la topologie définie par la norme 


IIfl| = sup |f()|; 
teT 
F l’espace des fonctions numériques z définies sur 7, telles que 


||z|| = D> le(t}| < + @; 


te 
F’ est alors l’espace des fonctions numériques z’ définies sur T telles que 


||2’|| = sup |z’(t)| < + @. 
eT 














‘ey 
'‘ 
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L’espace E est de type dénombrable, tandis que F n'est pas de type dénom- 
brable. Toute fonction z € F est nulle en dehors d’un ensemble dénombrable, 
donc v-négligeable. 

Considérons la mesure m = 0 sur 7 a valeurs dans &(E, F’). 

Pour chaque ¢ € T considérons l’application V(t):E— F’ définie par 
V(t)f = gif pour f € E. On a || V(é)|| = 1 quel que soit ¢ € T et 


(z, V(t)f) = (&, ginf) = > 2(s) gia (s)f(s) = 2(t)f (2) 


quels que soient z € F et f € E. Soit x € Lg'(m); pour chaque ¢t € T posons 
x(t) = f, € E. Alors, pour z € F, 


Je voxo) dH =f, VOfd@ = femfaw =0 


Cs, fx am > = fe V (t)x(t)) dv(t). 


D’autre coté, pour U(t) = 0 on a aussi 


Cs, fx am > = fe U(t)x(t)) dv(t) 


et V(t) # U(t) quel que soit ¢ € T. 


donc 


Exemple 2. T et v comme plus haut; pour tout ¢ € 7, E(t) = E l'espace 
des fonctions f: T — R telles que 


Wfll= D0 FO) < + @; 


teT 
F = C(T), donc F’ est l’espace des mesures de Radon sur 7. L’espace F 
est de type dénombrable, mais E n'est pas de type dénombrable. 

Pour tout ¢€ 7 considérons l'application V(t): E— F’ définie par 
V(t)f = f(Hie, pour f € EZ, od e, est la mesure de masse totale 1 concentrée 
au point ¢. On a ||V(é)|| = 1 quel que soit ¢ € T et (2, V()f) = (2, f(Hen 
= z(t)f(t), quels que soient z € F et f € E. On vérifie comme plus haut que, 
pour m = 0 et U(t) =Oona 


Cs, fx am > = fe V(t)x(t)) dv(t) = J (z, U(t)x(t)) dv(t) = 0 
quels que soient z € F et x € Lzg'(m). 
Voici maintenant le théoréme réciproque du théoréme 2. 


TuHtorEMeE 4. Soit u une mesure positive réguliére sur T et U un champ d' opéra- 
tions tel que ||U(t)|| = 1 et que pour tout 2 © F et tout x € a, la fonction 
t — (z, U(t)x(t)) soit u-mesurable. Alors la fonction d’ ensemble m, définie par 
l' égalité 


(s,mn(4)) = f (¢, Ux) dul 











548 N. DINCULEANU AND C. FOIAS 


pour z€ F,x€a, A € &, est une mesure vectorielle sur T, dont la variation 
est pu. 


Démonstration. On déduit d’abord que la fonction ¢ — (z, U(t)x(t)) est 
localement y-intégrable quel que soient z © F et x € a. Pour z€ F, x€a 
et A € B posons 


M(z,x, A) = | (z, U(t)x(t)) du(t). 
vA 


L’application M(x, A):z— M(z, x, A) est une forme linéaire et continue sur 
F (donc M(x, A) € F’) car 
|M(z, x, A)| < |2| ||x|| 4u(A). 





On a donc |M(x, A)| < ||x||4u(A) et (2, M(x, A)) = M(z,x, A). 
L’application m(A):x — M(x, A) de a dans F’ est une application linéaire 
et continue (donc m(A) € &(a, F’) et (2, m(A)x) = M(z,x, A), donc 


(z,m(A)x) = | (z, U(t)x(t)) du(t). 
A 


On vérifie aisément que si g4X = gay, (A € %,x,y€a) alors 
m(A)x = m(A)y, donc m est une fonction vectorielle d’ensemble, et 
\|m(A)|| < w(A) pour A € &. De l'inégalité ||m(A)|| < w(A) on déduit que 
m est une mesure vectorielle 4 variation finie \ et que A < uz. 

La mesure vectorielle m est réguliére puisque yu est réguliére. En outre, m 
est absolument continue par rapport a uw, et du théoréme 3 on déduit que 


. 
A(A) = | \|U(t)||du(t) = w(A) 
A 
et ceci achéve la démonstration. 
On dit que deux mesures positives u et vy sont étrangéres, si A <u et A<yv 
implique A = 0. 
Deux mesures vectorielles m et n a variation finie sont étrangéres si leurs 
variations yu et »v sont étrangéres. 
Le théoréme suivant est une généralisation du théoréme de Lebesgue. 
THEOREME 5. Soit v une mesure réguliére positive sur T. Toute mesure vec- 
torielle réguliére et a variation finie m sur T peut s’écrire sous la forme 
m =n’ + m’ 
on n’ et m’ sont des mesures vectorielles réguliéres et a variation finie, telles que 
n’ soit absolument continue par rapport a v, et que m’ soit étrangere a v. 


Démonstration. Soit u la variation de m. D’aprés le théoréme de Lebesgue 
(2), « peut s’écrire sous la forme 
p= +p’ 
ot v’ et uw’ sont des mesures réguliéres positives, telles que v’ soit absolument 
continue par rapport a » et yw’ soit étrangére A v. 
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’ 


D’autre cété, m peut s’écrire 


(z,m(A)x) = J Um (t)x(t)) du(t) 
pour z € F,x € a,et A € M, od ||U,,(0)|| = 1. On a alors 
(z,m(A)) = Je Um(t)x(t)) dv’ (t) + Jo Um (t)x(t)) du’ (t). 
Si l'on pose 
(z, m’(A)x) = J« Um (t)x(t)) dv’ (t) 
et 
(z, m’(A)x) = Je Um(t)x(t)) du’ (t), 


alors n’ et m’ sont des mesures vectorielles réguliéres dont les variations 
sont respectivement »’ et yw’, car pour tout z¢€ F et x € a, la fonction 
t — (z, Um (t)x(t)) est mesurable aussi parr apport a »’ et par rapport a yw’. En 
outre, n’ est absolument continue par rapport a v, et m’ est étrangére A », et 
pour tout A € Bona 

m(A) = n’(A) + m’‘(A). 


Ceci achéve la démonstration. 
2. Opérations linéaires sur l’espace L,”. Soit » une mesure de Radon 


positive sur 7, et considérons l’espace L,?(v), 1 < p < + ~.* Soit f une 
application linéaire de L,?(v) dans F’. Posons 


fll] = sup >> |f(¢a.x,)| 


le sup. étant considéré pour tous les champs étagés’ x = }>, ¢4,X, tels que 
les A, soient disjoints et que N,(x,v) < 1. Ona 


AI < NLA < +. 


Remarques. 

1°. Si p = 1 on a toujours ||/|| = |||f|||. En effet, si ||f|| = + ©, on a aussi 
IIfi!| = + ©. Supposons donc que ||f|| < +o. Pour tout champ étagé 
x= 1 PayXi tel que Ni(x, v) < lona 


> ifleaxod! < ¥ Ill Ni(eacxs ») = If) N(x, ») < II 


t 


I|f\|, d’od il s’ensuit que ||f|| = ||| /\I|. 


< 
<p<+o et F=C, on a toujours ||f|| = ||| fI||. 


‘Pour la définition des espaces Lg?(v) voir (14). 
‘On peut supposer que les x; sont continus, non nécessairement de YI. 
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Supposons ||f|| << + @. Soit 


i= > Paik 
t 


un champ étagé tel que les A, soient disjoints et que N,(x, v) < 1. Pour 
chaque i, il existe un nombre complexe @, tel que |@,| = 1 et 





\f(eaXe)| = Of (GaX.) = (G46 Xd). 


Alors 


 & lf (easX1) | -Az exbX.) < Al MoE G49 Xt ) < | Ifil 


donc |||f||| < ||fl|, et par suite |/f|| = |||f\|l. 

3°. Sil <p <+ @ et F#C, on peut avoir ||f\|| < |||f]]|. 

Prenons T = R, v la mesure de Lebesgue sur 7, E(t) = E = R quel que 
soit ¢ € T et 


1 1 
F=L‘'(v), —~+-=1 
Pp @ 
Si f est l’application identique de L?(v) dans F’, on a évidemment ||f|| = 1. 
Montrons que |||f||| = + ©. En effet, pour chaque n, on peut choisir m inter- 
vals disjoints (A 4)1<:<, et m nombres (x,):<:<n tels que »(A,) = 1/net |x,| = 1 
pour 7 = 1,2,...,m. Pour la fonction étagée 


n 
o> > PAiXs 
i- 


on a N,(x,v) = 1 et 
n n n “ 1 l/p 
» \f(¢aixs)| = >> N5(¢aiXu¥) = Xu [»(A«)]} |x| = n\— . 
t=1 i=1 i= 
On déduit alors que |||f||| = + @. 
4°. L’ensemble des applications linéaires f: L,?(v) — F’ telles que ||| f|||< + © 
est un espace vectoriel et ||| ||| est une norme sur cet espace. 


THEOREME 6. Une application linéaire f de L,?(v) dans F’ peut s'écrire sous 
la forme 


(z, (fx)) = fe U;(t)x(t)) dv(t) pourx € L,’(v)etz € F 

on U,€ C(G) et 
. 1 1 
N,(U;,,¥%) < + ©, as 


st et seulement si |||f||| < +0. Dans ce cas Uy; est déterminé localement v- 
presque partout et |\|f\|| = N,(U,, v). 


= j, 


Démonstration. Supposons d’abord qu'il existe un champ d’opérations 
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U;€ €(@) tel que N,(U;,v) < + © et que pour tout z € F et x € L,?(v) 
la fonction t — (z, U;(t)x(t)) soit essentiellement »-intégrable et 


(,f(a)) = J (, UAd)x()) do 


Montrons alors que |||f||| < + ©. Remarquons d’abord que la fonction 
t — ||U;(t)|| est »-mesurable (remarque 1° suivant le théoréme 2) donc appar- 
tient a L*(v), et 


Ie F@))| < J |e, UAx)| dr 


< J isl 10H) xO] do) = |el f AOI aO| aoe 

donc 
\f(x)| < fiivxeii |x(t)| dv(t) pour x € L,”(v). 

Soit 


i= z GacX 
t 


un champ de vecteurs étagé tel que les A, soient disjoints. Alors 
D Ifleaxdl < LD fio IX<(t)| eas(t) dv(t) 
t i 


= fiw | : > gas (t)Xi(t) | dv(t) < N,(Uy, v) N,(x, v) 


donc 
IIFII] < Ne(Usy,¥) < + &. 

Inversement, supposons que |||f||| << + ©. Pour tout A€ Bet*x€ aona 
¢ax © L,?(v). Posons 

m(A)x = f(¢4X). 

Si A € Bet x,y € a sont tels que g4X = guy, ona 

m(A)x = m(A)y. 
Pour chaque A € %, m(A) est une application linéaire de a dans F’. Elle 
est continue, car six € a, A € Bet ||x/||, < 1, alors 


Im(A)x| = [f(¢ax)| < |Ifl| (f ext x(t)” av) © SIA No(eas ») 


donc m(A) € &(a, F’). On déduit que m est une fonction vectorielle d’en- 
semble et 
\|m(A)|| < |[f[| Np (ea, »). 


*Si W ne vérifie pas l’axiome (i), on peut lui ajouter de champs continus pour obtenir une 
famille équivalente YW’ vérifiant (i). 
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De cette inégalité il résulte que m est dénombrablement additive, donc une 
mesure vectorielle. De la condition |||f||| << + © on déduira que m est a 
variation finie. En effet, soit A € 8, (A,j)1<:<, une famille d’ensembles dis- 
joints de $ dont la réunuion est A et (¢,)1<;<, une famille de nombres com- 
plexes. Soit encore « > 0. Pour chaque i, 1 < i < 2, il existe x; € a tel que 
\Ix|4 < 1 et tel en outre que 

; , , € 
||mm(A ,)|| < |m(A,)x, a> = sic; 0 
. ‘ 
||mmn(A «|| < |m(A ,)x,| sade sic, = 0. 
Alors, pour tout 7 on a 
‘4 € 
||m(A ,)|| ics] S [MA ,)xe |+ - 
donc 


DX, thm(4a)|l lel < 2 lA duced + 


i=1 


wa Zz \f(¢a¢Xs)| te = HLF n,( >> Gai Ki, ») +’ 


i=] 


| 


AN 


lif In, Pailty ») + «. 


i=1 


Comme e est arbitraire, on a 


dX |lm(A4 II lea < IIIs w¥ Pale ). 
En particulier, pour c; = 1, i = 1, 2,...,m, on obtient 


DY |lm(AaI] < II /FlI| Np(eas, ») 


i=1 
donc 
u(A) < IIIFIIINv(¢a,¥) < + @ 


c’est-a-dire, m est a variation finie 4; en outre u est absolument continue 
par rapport a v, donc yu est réguliére. Alors m est aussi absolument continue 
par rapport 4a » et réguliére. 

On a aussi l’inégalité 


DX uA) led < | TIRAe> Gailey ») 


qui sera utilisée dans la suite. En effet, soit « > 0. Pour chaque i, il existe 
une famille finie (B,,) d’ensembles disjoints de 8 dont la réunion est A ,, telle 
que 
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1.) < Y |im(B,,)||+—— sic, ¥ 0 
; c,\n 
u(A,) < DY |\m(B,,) | +< sic, = 0. 
3 
Alors, pour chaque i on a 


u(A,) led < SS |im(B,) += 
J 


donc 


Dd u(Ay) led < SY ||m(B,,)|| Jee] + 
i=1 ° 


e étant arbitraire, on déduit alors 


Dy u(A,) les) < {INF w,( 3 Pailty "). 


Puisque m est a variation finie et absolument continue par rapport A », il 
existe un champ d’opérations V,, € €(@) tel que 


(e, fx xdm) = fe Vm (t)x(t)) dv(t) 


pour z € F et x € L,'(m), et 


f ody - | |Vin (t)|| o(t) dv(t) pour ¢ | L*(u). 


On prend VU; = Vy, donc 


Sot 


fin | g(t) dr(t) pour ¢g € L*(y). 


> PACs 
t 


une fonction réelle étagée définie sur 7, telle que les A, soient disjoints; ¢ 
est w-intégrable, donc 


if U; g(t) dv(t) | “lf nt) duit) | <> u( Gil < f\|| Np(¢, v). 


On déduit alors que la fonction ¢t — ||U;,(t)|| est de puissance géme intégrable 
pour v et que 
N,(U,y, v) < |I[fI|| < 4+ @. 


Il s’ensuit que L,?(v) C La'(u), donc 


- \ 
<2, {xam> = fe U,(t)x(t)) dv(t) pourx € L,’(v)etz € F. 
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Si 
i= . # Gai 


est un champ de vecteurs étagé tel que les A, soient disjoints et que N,(x,v) <1, 
on a, 


E eaux)! = E lm(4dxd = 5 S exxam| 
< XD Jill eas) nd] do) 


=| \|Us(¢)|| | ms gas(t)Xi(t)| dv(t) < Ne(U,, »)Np(X, ») < Ne(Uy ») 


donc |||f||| < N,(U;, v) et donc 
ILA| = Ne(Us, »). 
Pour tout champ étagé 


r= >) oad: 
: | 


ona 


Jxam = 2 m(4i)a = 2D f(eaxs) -(= eats) = f(x). 


Si x € L,?(v), il existe une suite (x,) de champ de vecteurs étagés telle 
que N,(x — x,,”) — 0. Alors f(x,) — f(x). D’autre part, x € L,'(u) et 


Nita — Xun) = f ix) — x6] date) < {IIs No — X, ») 


donc N,;(x — x,, u) — 0. Alors fx,dm — fxdm et comme f(x,) = Jx,dm, on 
déduit f(x) = {xdm, donc 


(z, f(x)) = f (z, U;(t)x(t)) dv(t) pourx € L,"(v) etz € F. 


L’unicité de U, se déduit comme dans la démonstration du théoréme 2. Ceci 
achéve la démonstration. 


Remarques. 
1°. Si F’ est de type dénombrable, on a 


f(x) = f U«Ox® art) pour x € L,’(v). 


2°. S'il existe une famille fondamentale D C €(@) vérifiant l’axiome (G) 
et la condition (7), alors U, € L*(v). 


3°. Si l’espace F ou si les espaces E(t) ne sont pas de type dénombrable, il 
est possible que U, ne soit pas uniquement déterminé localement »-presque 
partout. 
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4°. Si f est une application linéaire de L,”(v) dans un espace de Banach 
qui n'est pas le dual d’un espace normé, il est possible que f n'admet pas une 
représentation intégrale quoique |||f|{| < + ©. Par exemple, pour |’applica- 
tion identique f de L'((0, + @), v) dans lui-méme (» désignant la mesure de 
Lebesgue) on a |||f||| = |||] = 1, mais f n’admet pas une représentation 
intégrale (voir (21)). 


COROLLAIRE 1. Pour toute application linéaire et continue f de L,'(v) dans 


F’, il existe un champ d opérations U; € €(@) tel que ||f|\| = N(U;,, v) et que 
(z, f(x)) = fe U,(t)x(t)) dv(t) pourx € L,*(v) etz € F. 


En effet, pour p = 1 on a |/||f||| = || f|| << 4+ @. 
Ce résultat a été démontré dans (6) pour le cas ot F’ est de type dénom- 
brable. 


COROLLAIRE 2. Pour toute fonctionnelle linéaire et continue f sur L,’(v), il 
existe un champ de fonctionnelles x/ € €(G’) tel que N,(x/,v) = ||f\| et que 
pour tout x € L,?(v) on ait 


f(x) -{ (x(t), x, (t)) dv(t). 


En effet, dans ce cas |||f||| = ||f|| << +0,et F = C. Ce résultat a été démontré 
par C. Ionescu Tulcea (15). 
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ON NILPOTENT PRODUCTS OF CYCLIC GROUPS. II 
RUTH REBEKKA STRUIK 


Introduction. In a previous paper (18),! G = F/F, was studied for F 
a free product of a finite number of cyclic groups, and F, the normal sub- 
group generated by commutators of weight m. In that paper the following 
cases were completely treated: 

(a) F a free product of cyclic groups of order p*‘, p a prime, a; positive 
integers, and m = 4,5,...,p+ 1. 

(b) F a free product of cyclic groups of order 2**, and nm = 4. 

In this paper, the following case is completely treated: 

(c) F a free product of cyclic groups of order p*‘, p a prime, a, positive 
integers, and m = p + 2. 

(Note that n = 2 is well known, and n = 3 was studied by Golovin (2).) 
By “‘completely treated” is meant: a unique representation of elements of 
the group is given, and the order of the group is indicated. In the case of 
n = 4, a multiplication table was given. 

In view of the well-known decomposition of finite nilpotent groups into 
direct products of p-groups, cases (a), (b), and (c) can be summarized: 

(d) F a free product of cyclic groups of order a; where the prime factors 
of a, > n — 2. 

Since the results, equations, and bibliography of (18) are used extensively 
in this paper, the numbering of theorems, equations, and bibliography will 
be a continuation of that of (18). For example, (18) and (29) refer to equa- 
tions (18) and (29) of (18), and this paper starts with equation (31). The 
same notation will also be used. 

Section 1 gives preliminary results. Lemma 4 may be of particular interest, 
as it is an application of P. Hall’s collecting process, and may be of use in 
attacking other group-theoretic problems. Section 2 is an exposition of the 
“idea” of this paper; the device used in (18) to deal with case (b) can be 
applied to (c). In § 3, case (c) is handled. 


1. 
LemMA 4. Let a, 6 be any two elements of a nilpotent group, and r, s any two 
positive integers. Then 


(31) b’a’ = a’b'(b, a)"*((b, a), a) (6, a), py") oN Oe 


Received June 17, 1960. 


‘Reference numbers refer to, or are continued from, this paper. 
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where if u, is a standard commutator involving a a's and B b's, then 


i= E ma’)G) 


<s 
Ni jn, non-negative integers. In particular, if 


u, = (((6,a),a),...,@), 


(:) a 


uy; ((((6, a), b), b) ,* ee b), 
( ) 
B ' 


Proof. The proof is exactly the same as that given on pp. 179-181 of (16). 
However, instead of (12.3.1) on p. 179, we have 
(32) b(1)b(2) .. . b(s)a(1)a(2) . . . a(r) 
that is, the s b’s and the r a’s are each labelled. The precedence conditions at 
this first stage become 
b(A) precedes b(u) if A < yw 
(33) b(A) precedes a(u) if AX < work =yworrdA>yu 
a(A) precedes a(u) if A < yu. 


a 


then ti 


then f; 


After the a’s have been collected (32) becomes an expression of the form 
(34) a’b(b, a)(b, a)((6, a), a)... b(6, a) (b, a)((b, a), a)... 


where each 6 and each a have the same label as before; each (6,a) has a 
label of the form (A, uw); 1 < A < 5s; 1 < uw <1; it arose when a(u) was col- 
lected: b(A)a(u) = a(u)b(A) (0, a) (A, uw). In general, if u, is being collected and 
u, > u,, and if u, has the label (Ay, ..., A.) and uw, has the label (, .. . , us), 
then (u,, u,) will have the label (A;,...,A., w1,..., He). The existence and 
precedence conditions at each stage of the collecting process are all conditions 
(L) as described on p. 180 of (16), and the induction proof given there goes 
through in exactly the same way to give Lemma 4. That 


(((b,a),...,@) 


ee 


will have the exponent 


follows from the fact that all (Ai, 4:,...,e) which can be associated with 
such (((b,a),...,a@) satisfy the conditions: 1 < A, < s; 1 < wy; < we <... 
< wa <r. A similar argument holds for ((((6, a), 6)... 6). 
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wo 
ao 
© 


LEMMA 5. 


Nag non-negative integers. 


Proof. The following set, S, has order (*) (;): 


i<ui<...<erer) 
4. ££ ores 1 te 


Let 7 consist of all subsets of order k taken from S; 


S= {a ~ «+5 @4, b1,...,8,;) ay, b, integers 


T (1) (1) (1) (1) (k) (k) (k) (k)) 
T = {(a; a bol beet hak CRUE Ee oe GE 0003 pe SOE 4000 bee )}. 


T can be partitioned into disjoint subsets, depending on which of the a,‘” 
or 6,” are equal to, greater than, or less than each other. Each such subset 


has order 
(")(s) ,a < ik, B < jk. 
a/\B 


This is sufficient to prove the lemma. 


LemMA 6. Let A be any rational integer, p any prime and a any positive 
integer. Then 


(35) pare = (, wa ) (mod f*). 


Proof. By definition 


(4 + **) _(A+p")(A -14+ 9")... (A-pti+p% 
p-1 


where u is an integer. Since both 


(4+#) ana(, 4 ,) 


are integers, p*u/(p — 1)! is an integer. Since (p — 1)! and #* are relatively 
prime, (p — 1)! divides u. This is sufficient to prove Lemma 6. 


LEMMA 7. Let A, p, a be as in Lemma 6. Then 


(36) (4 +f) = (4) + p*" (mod 9”) 


Proof. Lemma 7 is true for A = 0, since by = 0, and 
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- r a—l r —1 a—l _ ,a—l a 
37) ( ) = ( ) = (1+ sp) = (mod p*). 
( > Pp out Pp Pp P P 
, Aimy ? 
(38) (? ick 1 + sp, 
where s is some integer, is justified with the use of Wilson’s theorem (see 
p. 259 of (17)), that is, (o — 1)! = — 1 (mod p). The numerator and denomi- 


nator of the left-hand side of (38) consist of p — 1 consecutive integers re- 
latively prime to p, and the use of Wilson’s theorem along with the fact 
that the integers modulo p form a field completes the proof of (37) and (38). 
This proves Lemma 7 for A = 0. Suppose true for A, then using induction 
and Lemma 6 


Atte#).(A4P) (4+#) 2 (4) ii E* ) 

39 ( in fa 
on p p J*\p-1 p/ TP FT \y-1 
(mod p*) 

4+1)_(4) ( A ) 

(40) ( . of tAam il 


Combining (39) and (40) gives the proof of Lemma 7 for A a positive integer. 
A similar argument proves Lemma 7 for A a negative integer. 


Lemma 8. Let A, B, C, D be rational integers, p a prime, and a a positive 
integer. If 


A 


Il 


C (mod p*) 
and 
B 


D (mod *), 
then 


A B C D 
41 1B ~ o(“)s - 9(8)a = cv - o(5)p - o(?)c oa * 
(41) P\ , P\ , P\ , P\ ,]© (mod p ) 


Proof. It is sufficient to prove (41) for the cass C = A + p* and B = D 
in view of the symmetry of (41). Then (41) becomes 


(42) AB— (4), - (8). 


(A + p*)B- (4 ny )e - (2 )ca + p*) (med p**"). 


If one expands the right-hand side of (42) and makes use of Lemma 7, one 
obtains the left-hand side of (42) modulo p**'. Note that since 


(4 +2") - (4) +p" (mod #*), 


(4 +f) = (4) +p (mod p**"). 











Le 


an 
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2. In this section, the “idea’’ of the proof will be explained. Details will 
be carried out in § 3. 

In § 2 of (18), the “well-behaved” case was studied. In F, a free group or 
a free product of cyclic groups, a sequence of standard commutators 4, .. . 
was selected and it was shown that every element of F/F, could be written 
uniquely as IIu,**. In the case of F/F, (18) gives the multiplication table 
for two such elements. One reason for the failure of the proof for the case 


; se , d; ; 
pb = 2 with F/F, is that in (18), terms such as i; appear which are not 
unique modulo the appropriate powers of 2. To get around this difficulty, 
another set of basis elements was chosen in § 3 to handle the case of p = 2. 


When the new basis is used (29) is the multiplication table of two elements 
of F/ Fy. Actually, (29) can be considered a modification of (18) in the following 


sense: Let F = {a, 6} be a free group on two generators. Then every element 
g of F/F, can be expressed (uniquely) as 
(43) a“'b® (a, b)“* ((a, b), a)" ((a, 6), 6)” 


where C;, C12, Cije are rational integers. When (28) is used every element of 
F/F, can be expressed uniquely as 


(44) a’™'b'*(a, b)"'*(a’, b)"**(a, b’) 
where i, Yi2, Yizx are rational integers. Since 
a‘“'b™ (a, b)*'*((a, b), a)** ((a, b), 6)?” 


ab" (a, b)*((a’, b)"""(a, b)~ 72" (q. b*)*"*? (a, b) 2e122 


Yiee 


9 


- ab” (a, pee Penes “Gorse (4° by)?" (a, p*)***. 


Te = Ce oe = Fa 

(45) 9 -Yi2 = Cra — 2121 — 2Ci2 Cie = Vie + 2¥121 + 2¥122 = @(712) 

Yizai = C121 Cia = Yi21 

Yi22 = C122 Ciz2 = Y122- 
Let 

h -_ a™'b" (a, b)""*((a, b), a)" ((a, b), b)t!?? 
= a™'b**(a, b)**(a’, b)"**(a, p*)***? 

and 


ll 


ab” (a, b)"*((a, b), a)" ((a, b), or 
ait a“'b"(a, b)"*(a’, b)“*(a, b*) 222, 


One can now take €;2 (or €12; OF €122), express it in terms of éj2, €121, €122 using 
(45), then in terms of Cy, dis, C121, die, Ci22, dizg using (18) with 7 = 1 and 
j = 2, and then in terms of 712, 512, Y121, 5121, Y122, 5122 using (45). This gives 
the e’s in terms of the y's and the 4’s. If one now substitutes ej, C12, di2 for 


° 


€12, Y12, S12 and éy2", C12, dio for €121, Y121, 5121 and eé2, Cio, dio for 


g-h 
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€122, Y122, 5122 respectively, one obtains (29) for 1 = 1, 7 = 2. Hence (29) is 
a modification of (18) in the sense that one set of basic commutators has 
been substituted for another, but the same multiplication table has been used. 
Hence it is not necessary to check the group axioms for the group H, as indi- 
cated after (29); all that needs to be done is to ascertain whether (29) is 
unambiguous modulo appropriate powers of 2. The author did not realize 
this until after writing paper (18). 

This same idea will be used to study F/F,,2 where F is a free product of 
cyclic groups of order p*‘, p a fixed prime. The over-all strategy is: 

I. Investigations of the terms appearing in the multiplication table ana- 
logous to (18) for F/F,,2. In particular, it will be shown that p appears in 
the denominator of a term only when the corresponding 1, is 


Cree. «os oD 


P 
or 


((((6, a), 6),...,0). 


p—1 
Call these terms u,’ and u,” respectively. 

II. u,’ and u,”’ will be replaced by (6, a”) and (8, a) respectively, and the 
multiplication table of F/F,,2 analogous to (29) will be investigated to 
ascertain whether the terms are unambiguous modulo appropriate powers 
of p. 

It will be assumed that F is a free group until near the end. The proof of 
the unambiguity of the multiplication table modulo appropriate powers of p 
will be sufficient to prove the desired theorem for F a free product of cyclic 


p-groups. 
3. 
I. Investigation of the multiplication table of G = F/F 42 where each element 
of G is expressed as a product of standard commutators. 
Let F{a, 6} be a free group with two generators, and let g € F/F,. Then g 
can be uniquely expressed as 
g = a"b"(b, a)*((b, a), a)*((b, a), b)*... = [] uf 


where u, are a sequence of standard commutators (see (7)) and c, are rational 
integers. Let h € F/F, and 


h = ab" (b,a)"... = [] uf‘. 
Then to compute a multiplication table of F/F, analogous to (18), we put 
ab? ... = [] uy = a%b*... ab"... = g-h 
and we first collect a*', then 5“ and so on. A typical step consists in 


-* : a; 
(46) usius = ufius (us, us)“ ((uy us), uy)... 














a 


ent 


nal 


put 








NILPOTENT PRODUCTS OF CYCLIC GROUPS II 563 


where Lemma 4 (that is (31)) is used. Since the commutators appearing on 
the right-hand side of (46) may not be standard commutators, they should 
be expressed as products of standard commutators and (4) used. Using Lemma 
5, and repeating until the right-hand side of (46) is a product of the original 
standard commutators, one obtains 


ei\ (aj 
- a a 
(47) ufiuy = ufus [] u,"* (ax) (8) 
where m, are non-negative integers. Note that if o; is the weight of «, in a’s 


and 6's (that is, wm € Fe, ¢ Fegt1), then ay + 8, < oy. The only time (<‘) 


or ) appears is if uw = (((b,@),a,...,a) (p — 1 a's) or ((((8, a), 5), 
b),...,6) (p — 1, 8's). 


In general, instead of u,** (or u,*4) in (46), one may have an element of 
the form 
diy ai, 


=~ 2 me IGl)..Ge) 


in which case the exponent of u, on the right-hand side of (47) will be of 
the form 


my (ae")...(a2*) G2")... 62") 


’ 
where m, are non-negative integers, and 


~at+ > By; So 


where u, has weight o, in the a's and b's. 
We now investigate under what conditions u,’ and u,"’ occur. Let uo’ = b 
u;’ = (b, a), t%s41' = (u,’, a) for s a positive integer. Similarly, let 


uy = (b,a), us. = (ut’, b). 


Note that in (47), each u, will have at least as many a’s and 6's as (u,, u,). 
Hence. «,’ can occur in (46) and (47) only when a is being collected, for 
example 


, , a, . 
e; a a ct Ct 
(48) u, a'=a''u', 2 whee) aa 2 


(where c,’ is the exponent of u,’ in g). Here Lemma 4 is used. Hence, when 


u,’ is collected, its exponent will be 


s—1 
da 
(49) ctdat Do cil, 
t=0 
(where d,’ is the exponent of u,’ in 4). When a“ is collected u,” occurs: 


C2 
~ 2d d d d 2 
(50) ba" = apy gts oe 


and hence when 6* is collected, u,/’ appears twice, once with exponent c,’’ 
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(its exponent from g at the beginning) and also with exponent a,(¢) from 
(50). Hence 


pray de d2. a na (,?,) 
u, 0) = Oa. . y NP, 


, 


After 6” is collected, u,’’ will not arise again in the subsequent collectings, 


so that when it is collected, its exponent will be 


s—1 
(51) +d + > E + a() |(, ds ) a,(“) 
t=1 ae ‘ 


The following theorem and corollaries have been proved: 

THEOREM 5. Let F = {a, b} be the free group on two generators. LetG = F/F,. 
Let uy, Ue, . . . be the sequence of standard monomial commutators of non-decreasing 
weight < n — 1 (see (7)) in a and b. Let g,h € G, 

g = a"b"(b,a)*...u;'...= I] us 
h = a"'b"(b,a)”... ut... = I] us! 
where c;, d; are rational integers. If 
gh = I] a 


then 


52 = : cu) (<«)(4«) (4«) 
(52) e; ct dit D mie Ng) NG 


where if u;, © Fy, uy ¢ Fes (that is, uy is a commutator of weight s in a and 5b), 


DL a+ DL By <s. 


In particular, let (b,a) = uy’, (u,’,@) = Us41' and c,’, d,’, e,' be the exponents 
of u,' in g, h, and g-h respectively, then 


s—1 
(49) gegvus'? c,( dy ) _ (+). 
t=1 A 


s- 


Let (b,a) = uy", (u,’", 6) = ty41" with c,'', d,'", e,' the exponents of u,'’ in 
g, h, g-h respectively, then 


s—1 
(51) vaetta+d E 4 a(“) |(, ds ) ” a,(“) 
t=1 — ‘ 


CorROLLARY 1. Let n = p + 2, p a prime in Theorem 5. Then 


sy d d 
(53) g=g4+0a+> eH, = ) + of ‘), 


=1 p 


RA ” ” ” ag ” d» 2 
(54) ep =& +d, + > E ss a(“)|(, a ) + a(*) . 


and these are the only places where p appears in the denominator of a term of an e;. 
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COROLLARY 2. Let F be a free group on 3 or more generators, p a fixed prime, 
Uy,..., @ Sequence of standard commutators in the generators of F, 


g= I] u;,h= I] us’, g-h = I] us’. 


Then for n = p + 2, 


amet at D m(c)...(%)(ds)... (4) 


as in Theorem 5, and if u, contains at least 3 generators of F, then a; < p, 
By, <p. 
Comment. For uz; = (6, a) (u,; = a, ue = 6), (49) becomes 
(55) €3 = C3 + ds + Cody. 
In (18) the corresponding formula is 
C3 + d3 — Cod, 
(C5, dij, €¢y Of (18) become C3, ds, es here, and 7 = 2 and i = 1). The reason 


for — ced; in (18) is that (a, d) is used instead of (b, a). Similar comments 
apply to the other equations of (18). 


Il. u,’ and u,”’ are replaced by (6, a”) and (6, a) respectively, and the 
Ul ¢ . 
corresponding multiplication table for F/F,,2 is investigated. 
As before, let F be a free group on two generators, g, 4 © F/Fy,». Let 


Uy = a, Us = b, uz = (b,a),..., us’ and u,” as in Theorem 5; similarly for 
g,h and g-h. Let vo, = u, except that u,’ is replaced by (6, a”) = »,’, and 
u,’’ is replaced by (6?,a) = v,’’. If one puts s = 1 and r = p in (31), and 
brings a’b over to the left-hand side, one obtains 

ro 1 i . 

(56) (b, a?) = b a "ba” = (b, a)’ I] wus, (mod F,,42) 


where f,; are positive integers, that is, 


(57) v, = (b,a)” [] wu} (mod F,,2). 
Similarly 
(58) v,’ = (b,a)” [] u2"*uj’ (mod F,42) 


. . . 7 . -~—_ = s 
where g; are positive integers. Using (57) and (58), we can take any g © F/ Fy 
and express it either in terms of u, or 2,. If 


g= |] ui = TT vo 


and the v,; are expressed in terms of the u,, and terms collected, one obtains 


Ci 71 
op = Fs 
sali c= 1+ Pv + PY ! 
Ce = ¥a + ph, h, function of the 
op = Vp 
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where y,', yp’ are exponents associated with v,’ and »,” respectively. In 
order to compute the 4,, Lemma 4 and (4) must be extensively used. Equa- 
tions similar to (59) can be formed for d; and 4,;, e; and e, where 


h=[] uti =[] 0° and g-h= T] u,“ = [] oy“. 
We now compute e, in terms of y; and 6,;. Obviously 
(60) €. = ¥1 + 4; 
€2 = Y2 + de. 


To find ¢3, we first use (59) 


BS 
| 


= 6: + pe, + pe, 
or 
€s = €3 — pen — pe. 
Using (55) and (59) 
€3 = C3 + d3 + Cod; — pe, — pe’, 
Using (53) and (54) 


p-l 
ea = cx + da + cats — py +d + z. of d; )+a(*) 
\ t=1 p — p 


p-1 
+c +d + x E + a(“)|\(* ) m a(%)} 


Using (59) again, and collecting terms 


6 ° 
(61) €3 = ys + 53 + vob — pri(*) - pa() 


=, , 1 - ” 1 2 \ 
+A > \Y: + pho ) a > E + ph, +a() | ® )t 


A similar computation gives (using (52), (53), (54) 

RM amntateE (7 4 ph) _ (* ear) — philvy br) 
ai By <p 

(68) S = +H4+E tit peal,” |) + n() 

(64) gf = +8 + E + ph, + (")|(,% ) + 3(**) : 


Equations (60) through (64) are analogous to (29). We now assume that 


eo” = W =1 a < B, 





and 


mod 
(65) 
exce] 
(66) 


exce) 
In 


(67) 
wher 
(68) 
Hens 


othe 


W 


(69) 


(60) 


E gi 
beca 


are | 


pert. 
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and we investigate (60) through (64) with y,, 5,, €; considered as integers 
modulo powers of p. The proof of Lemma 1 in § 1 of (18) shows that 
(65) vw = 
except if v, = 6, (6,a), v,’ or v,”. Similarly 
(66) uy = 1 


except if uw, = 6 or (0, a). 
In (31), put s = 1 = p*. This gives 


(67) 1 = (b,a”) = (b,a)” [] uf “ut = (b,a)” ur" 

where Lemma 7 (that is (36)) has been used with A = 0. Similarly 

(68) 1 = (b, a””**) = (b,a)”” usr = = (b,a)”. 

Hence, uw; (or v3) has order at most p**+'!. Now using (57), (4), and (67), 
vj" = (b, a”) [((b,a)’ T] u?%usy* = (6, a)"uZ"* = 1. 


If a = 6, then 


otherwise (that is, a < B) 
v/" = 1, 
We now show that (60) through (64) are unambiguous if 


¥1, 51, €: are integers modulo ~* 
2, 52, €g are integers modulo p* 
(69) Ys, 53, €3 are integers modulo p**! 
Y 54 € are integers modulo p* if i > 3, except 
¥}, 5}, are integers modulo p** 
te 
v;, 5,’, 6 are integers modulo A r : : 


(60) is obviously unambiguous. As for (61), consider its three parts 
E= v3 + 6; 
F = 725; — pra, y= (5 *)a 
G = ¢€— E — F 


E gives no trouble. F is taken care of by Lemma 8. G will cause no difficulties 
because it has a factor of p. 7,’ or 6,’ (modulo p*~') if they appear at all in G 
are in the A, which are multiplied by p*, and hence G is unambiguous modulo 


p**!. For reasons similar to G (62) causes no trouble. The factor (*:) in 
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(63) is covered by Lemma 7. If a = 8, the factor (7?) is covered by Lemma 


7; if a < 8, then y2 is an integer modulo p* and a similar argument applies. 
We have now proved the following theorem: 


THEOREM 6. Let Aj, Ao,..., A, be cyclic groups of order p™, p™,..., p*', 
respectively, a; positive integers, p a fixed prime, a, < a2 <... <a, Let a, 
generate A, Let v1,02,... be the sequence of standard commutators of non- 
decreasing weight in the a, of weight < p + 1 (see (7)), except that 

(( (a4, @;), 2s), ~~. , Gy) and (((a4, @;), @4), «~~ » As) 
~— eee ~~“ 


are replaced by 
Vijp = (a:, 05) and Vii = (a4, a5) 
respectively. Let 
Vi = p** af v, ts of weight 1, 
N, = ged(p*‘) if a; appears in v,, 


except that for 


aj—l 


jor Ny = ged(p**"" p**~’) 


v%,=0 
and for 


— v’ N ~ yp" I if a, = a; 
‘ tr Aged (p™, £%) tf as F avy, 


Then every element g, of F/F +2 can be uniquely expressed as 
Ie 
vi 


where y; are integers modulo N ,. 
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SOME PROPERTIES OF NOETHERIAN DOMAINS 
OF DIMENSION ONE 


EBEN MATLIS 


Introduction. Throughout this discussion R will be an integral domain 
with quotient field Q and K = Q/R # 0. If A is an R-module, then A is said 
to be torsion-free (resp. divisible), if for every r # 0 © R the endomorphism 
of A defined by x — rx, x € A, is a monomorphism (resp. epimorphism). If 
A is torsion-free, the rank of A is defined to be the dimension over Q of the 
vector space A @zQ; (we note that a torsion-free R-module of rank one is 
the same thing as a non-zero R-submodule of Q). A will be said to be indecom- 
posable, if A has no proper, non-zero, direct summands. We shall say that A 
has D.C.C., if A satisfies the descending chain condition for submodules. By 
dim R we shall mean the maximal length of a chain of prime ideals in 2. 

In the following remarks the ring R will be a Noetherian integral domain, 
unless specified otherwise. 

The purpose of this paper is to study some of the properties and relation- 
ships of R-submodules of Q and R-homomorphic images of Q. With each 
statement concerning these objects we can associate a dual statement obtained 
by interchanging the words submodule and homomorphic image, torsion-free 
and divisible, free and injective, finitely generated and D.C.C., and the self-dual 
term indecomposable. We now list a series of such statements and their duals 
((1’) is the dual of (1), (2’) is the dual of (2), etc.). 

(1) Every proper R-submodule of Q is finitely generated. 

(1) Every proper R-homomorphic image of Q has D.C.C. 

(2) No proper homomorphic image of an R-submodule of Q is torsion-free. 

(2’) No proper submodule of an R-homomorphic image of Q is divisible. 

(3) Every R-submodule of Q is indecomposable. 

(3’) Every R-homomorphic image of Q is indecomposable. 

(4) Every cyclic R-submodule of Q is free. 

(4') Every factor module of Q by a cyclic R-submodule is injective (that is, 

K is injective). 
Statements (2), (3), and (4) are, of course, trivial for any integral domain; 
but their duals are highly non-trivial. One aim of this discussion is to find 
necessary and sufficient conditions for the validity of these statements and 
for their equivalence. 

A most interesting feature of these statements is the close relationship they 

Received March 16, 1960. 
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bear to each other and to the condition that R is a local ring of dimension 
one. In Theorem 1 we prove that (1’) is equivalent to R being semi-local 
and dim R = 1. This gives us a well-known theorem of I. S. Cohen as a 
corollary. Condition (1) is much more restrictive, for in Theorem 2 we prove 
that (1) and (2’) are equivalent and imply (3’), R local, and dim R = 1. 
However, if we replace (1) by a weaker finiteness condition on the proper 
R-submodules of Q, then Theorem 3 shows that we do get a condition for 
local rings that is equivalent to dim R = 1. 
We now consider the statement: 


(5) Ext,'(Q, S) = 0 for every R-submodule S of Q. 


In Theorem 4 we show that (5) is equivalent to R being a complete, local 
domain of dimension one; and if R is complete and local, then (5) is equivalent 
to (1), (1’), (2’), and (3’). As a corollary we obtain a special case of a theorem 
of M. Nagata. The strength of condition (5) is not too surprising when we 
compare it with the fact that if R is any integral domain, then R is a maximal 
valuation ring if and only if Ext,'(A, S) = 0 for every torsion-free R-module 
A and every R-submodule S of Q [Theorem A4]. 

Now in (8) we also studied the condition that every R-homomorphic 
image of Q is injective, which, in the case of a Noetherian domain, we showed 
is equivalent to R being a Dedekind ring. Condition (4’) is not equivalent 
to R being a Dedekind ring, but does imply dim R = 1. In Thoerems 5 and 
6 we study this condition and some of its implications. Finally, we show the 
relationship of some of the listed conditions to the existence of indecomposable, 
torsion-free R-modules of rank two. 

To facilitate matters for the reader we shall provide in the Appendix a 
list of some of the theorems we shall find necessary, together with indications 
of where their proofs may be found. In the text a reference to Theorem Al 
will mean a reference to Theorem Al of the Appendix, etc. 

Definitions and notations. Let A be an R-module. Then: 

(1) O(A) = {r € R|rA =O}. 

(2) If J is any ideal of R, then Ann,(J) = {x € AlIx = 0}. 

(3) E(A) is the injective envelope of A (see (7)). 

(4) HdgA is the projective dimension of A as an R-module. 

(5) A is said to be reduced, if A has no proper, non-zero, divisible sub- 
modules. 

(6) An ideal J of a ring R is said to be irreducible, if it is not an inter- 
section of two strictly larger ideals of R. 

(7) Let Z be a multiplicatively closed subset of R. Then R, is the ring of 
quotients of R with respect to L, and A, = A @e R,z. 


If L is the complement of a prime ideal P of R, then we shall define Rp 
to be R,, and Ap to be Ay. 
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1. K has D.C.C. 


THEOREM 1. Let R be a Noetherian integral domain. Then the following are 
equivalent: 

(1) R is semi-local and dim R = 1. 

(2) K has D.C.C. 
If one of these conditions is satisfied, then every proper R-homomorphic image 
of Q has D.C.C. 


Proof. (2) = (1). Assume K has D.C.C. Let P # 0 be a prime ideal of R, 
and let b #0 € P. Let x = 1/6 + R,x € K. Then Rx has a composition 
series, and so there exist maximal ideals M,,...,M, of R such that if 
I = M,M:...M,, then Ix = 0. Thus J C dR C P, and so P is equal to 
one of the M,'s and is maximal. Thus dim R = 1. Now by Theorem A7 we 
have K = >> @ Ky,, where the M,’s range over all of the maximal ideals 
of R. Since K has D.C.C., there can only be a finite number of components 
in this direct sum, and so R is semi-local. 

(1) = (2). Assume R is semi-local and dim R = 1. Let M,,..., M, be 
the maximal ideals of R. Then by Theorem A7 we have K = Ky, ®...@ Ky,,. 
Since a finite direct sum of modules has D.C.C. if and only if each direct 
summand has D.C.C., and since Ky, has D.C.C. over Ry, if and only if it 
has D.C.C. over R, we can assume that 2 is a local ring of dimension one. 

Let M be the maximal ideal of R. Then it is easy to see that since dim R = 1, 
M-'/R #0 and K is an essential extension of M~-'/R (see (6)). Thus 
E(K) = E(M~'/R). Now M—'/R is a finite direct sum of copies of R/M, and 
so E(M~'/R) is a finite direct sum of copies of E(R/M). Thus K has D.C.C. 
by Theorem A8 

If K has D.C.C., let 7 #0 be any proper R-submodule of Q. Choose 
x #0 ¢€ T. Then we have an exact sequence: 


QO/Rx — Q/T — 0. 
Since Q/Rx = K, Q/T has D.C.C. 
In order to show the connection of Theorem 1 with earlier results we derive 
the following theorem of I. S. Cohen (3, Theorem 4) as a corollary. 


COROLLARY (Theorem of I. S. Cohen). Let R be a Noetherian domain such 
that dim R = 1. Let S ¥ Q be any ring between R and Q. Then S is Noetherian, 
dim S = 1, and if R is semi-local, so is S. Furthermore, if A is any non-zero 
ideal of S, then S/A has a composition series as an R-module. 


Proof. Let I = A (\ R. Then to prove the theorem it is sufficient to prove 
that S/SJ has a composition series as an R-module. Now by Theorem A7, 


S/SI = > ® Sma Saql Mas 


where M, ranges over all maximal ideals of R. Since J is contained in only a 
finite number of maximal ideals of R, the above direct sum has only a finite 
number of non-zero components. Since Sy,/Sy,/Jm™, has a composition series 
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as an R-module if and only if it has a composition series as an Ry,-module, 
we can assume that R is a local ring with maximal ideal M. By Theorem 1, 
S/SI has D.C.C. over R. Since there exists an integer » > 0 such that 
M" C I, we have M"(S/SI) = 0. Thus S/SI has a composition series over R. 


PROPOSITION 1. Let R be a Noetherian, local domain such that dim R = 1. 
Let M be the maximal ideal of R, and D an R-module with D.C.C. Then D is 
a divisible R-module if and only if MD = D. 


Proof. Of course, if D is divisible, then MD = D. Conversely, assime that 
MD = D. Then by Theorem AQ there exists an element s # 0 € M such that 
sD = D. Let 6 #0 € M, and let L be the multiplicative system consisting 
of the powers of s. Then R; = Q, and so there exists r € Rsuch that 1/b = r/s* 
for some integer k > 0. Hence we have D = s*D = b(rD), and so D is divisible. 


THEOREM 2. Let R be a Noetherian integral domain. Then the following are 
equivalent: 

(1) The integral closure of R is a valuation ring, finitely generated over R. 

(2) Every proper R-submodule of Q is finitely generated. 

(3) No R-homomorphic image of Q has a proper, non-zero, divisible sub- 
module. 

If any of these conditions hold, then R is local, dim R = 1, and the following 
condition holds: 

(4) Every R-homomorphic image of Q is indecomposable. Conversely, if con- 
dition (4) holds, then R is local, dim R = 1, and the integral closure of R is a 
discrete valuation ring. 


Proof. 

(1) = (2). Let V be the integral closure of R, and let S be any proper 2- 
submodule of Q. Since V is finitely generated over R, there exists r #0 € R 
such that rV C R; and so rVS C S. Thus VS # Q, and since V is a discrete 
valuation ring, VS is a finitely generated V-module. It follows that VS is a 
finitely generated R-module; and since S C VS, S is a finitely generated 
R-module. 

(2) = (3). This is an immediate consequence of the fact that a divisible 
module cannot be finitely generated. 

Clearly (3) implies (4). Hence, assume (4). Suppose that dim R > 1. Then 
by Theorem A10 there exist two distinct minimal prime ideals P;, P: of R. 
Let L be the complement of P; U P2; then R, has two maximal ideals and 
dim R,; = 1. By Theorem A7, Q/R,; decomposes into a direct sum. This 
contradicts the hypothesis, and so dim R = 1. By the corollary to Theorem 1 
we know that every ring between R and Q is Noetherian and has dimension 
one. A repetition of the previous argument shows that they must all be 
local. Thus R is local, and if V is the integral closure of R, it follows that V 
is a discrete valuation ring. 

Let N be the maximal ideal of V; then there exists x © V such that V = Vx. 
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Now if M is the maximal ideal of R, then V/N has D.C.C. over R/M by 
Theorem 1, and thus V/N is finitely generated over the field R/M. Let 2, 
. . « , 0, be representatives of these generators in V, and let R’ = R[x, 0, .. . , %). 
By the above remarks R’ is a Noetherian, local ring with maximal ideal 
M’. We have V = VM’ + R’, and hence M’(V/R’) = V/R’. But V/R’ has 
D.C.C. over R’ by Theorem 1, and so it follows from Proposition 1 that V/R’ 
is divisible over R’, a fortiori divisible over R. If we now assume condition 
(3), then V = R’, and so (1) is true. 


Remarks. It is an open question whether condition (4) of the previous 
theorem is equivalent to the other three conditions. As the theorem shows, 
the finiteness of condition (2) is too strong to characterize local domains of 
dimension one. Now if A # 0 is any finitely generated module over a local 
ring R with maximal ideal M, then MA # A. If we replace condition (2) by 
this weaker condition on proper R-submodules of Q, then the following theorem 
shows that this does characterize local domains of dimension one. 


THEOREM 3. Let R be a Noetherian, local domain with maximal ideal M. Then 
dim R = 1 if and only if MS # S for every non-zero, reduced, torsion-free 
R-module S of finite rank. 


Proof. lf dim R > 1, take a non-zero prime ideal P # M. Then we have 
MRp = Rp. Conversely, assume that dim R = 1. 


Case I: Rank S=1. Suppose MS = 8S. Choose x #0€ S. Then 
M(S/Rx) = S/Rx. Since S/Rx has D.C.C. by Theorem 1, it follows from 
Proposition 1 that S/ Rx is divisible. Leta # 0 € R; then we have S = aS + Rx. 
Therefore, S/aS = Rx/(aS C\ Rx) is finitely generated. However, M(S/aS) 
= S/aS; and so S = aS. Thus S is divisible. This contradicts the assumption 
that S is reduced, and thus MS # S. 


Case II: Rank S > 1. Suppose rank S = n, and make the induction hypo- 
thesis that the theorem is true for modules of smaller rank. We note that 
for any R-module A, A @g R/M = A/MA. Now S has a reduced, torsion-free 
submodule 7 of rank n — 1 such that S/T is torsion-free of rank 1. We have 
an exact sequence: 


Tort (S/T, R/M) ~ T @gR/M— S @gR/M— S/T @gR/M-0. 


If S/T is reduced, then S/T @g R/M #0 by Case I, and so we have 
S @pR/M #0. On the other hand, if S/T is not reduced, then S/T => Q, 
and we have Tor,"(S/7,R/M) = 0 = S/T @zR/M. Hence we have 
T @pR/M=]S @z R/M;and since T @z R/M # 0 by induction, the proof 
of the theorem is complete. 


2. Ext,'(Q, S) = 0. 


PROPOSITION 2. Let R be a Noetherian, local domain with maximal ideal M, 


E = E(R/M), and completion R. Then the following are equivalent: 
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(1) If I is any non-zero ideal of R, then I(\ R ¥ 0. 
(2) E has no proper, faithful R-submodules. 
(3) E has no proper, non-zero, divisible R-submodules. 


Proof. 

(1) = (2). Suppose that B is a proper, faithful R-submodule of E. By 
Theorem A7, B is also an R-module. Let J = {# ¢ R| 7B = 0}. Since B # E, 
I+0 by Theorem A2. However, since B is faithful as an R-module, INR=0. 
This contradiction shows that E has no proper, faithful R-submodules. 

(2) = (3). This is trivial, since a divisible module is, @ fortiori, faithful. 

(3) => (1). Suppose that T is an ideal of R such that 7 (\ R = 0. Let P be 
an ideal of R such that J C P, and such that P is maximal with respect to 
the property that P(\ R = 0. Since R is an integral domain, it is easily 
verified that P is a prime ideal of R. Let B be the annihilator of P in E. Then 
by Theorem Al B, considered as an R/P-module, is injective. Since R/P is 
an integral domain, B is a divisible R/P-module. But P (\ R = 0, and so B 
is divisible as an R-module. Hence by assumption B = 0. Thus P = 0, and 


so I = 0. 


Two cases where the conditions of Proposition 2 are true are the following: 

(i) R is a complete domain. For then (1) is trivially satisfied. 

(ii) Dim R = 1 and R is an integral domain. For if M is the maximal ideal 
of R, then M(\ R = M. Since M is the only non-zero prime ideal of R, 
condition (1) is fulfilled. 


PROPOSITION 3. Let R be a complete, Noetherian, local domain with maximal 
ideal M and E = E(R/M). Then dim R = 1 tf and only if every proper R- 
submodule of E is finitely generated. 


Proof. Suppose that dim R = 1, and let B # 0 be a proper submodule of 
E. Then 0(B) is an M-primary ideal, and so 0(B) = 1,f\...(\J,, where 
the J,'s are irreducible, M-primary ideals. By Theorem A1 there exist elements 
X1,...,%X, € E such that J, = 0(x,;). By Theorem A2, 


n 
B = Ann,(0(B)) = Anns( a 1,) = >> Ann,(J;) = >> Rx. 
j=l 1 
Thus B is finitely generated. 
Conversely, suppose that every proper R-submodule of E is finitely gener- 


ated. Let J ¥ 0 be an ideal of R. Then Anng(J/) is a proper submodule of E 
by Theorem A2. Hence there exist elements x;,...,x, € E such that 


Anng(J) = bm Rx ;. 
j=l 
Then by Theorem A2 again, we have 


I = 0(Anng(J)) = o( = Rex,) = ()0(x;). 
j=1 j=l 
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By Theorem Al each 0(x,) is an irreducible, M-primary ideal. Thus J is an 
M-primary ideal, Since J was an arbitrary non-zero ideal of R, it follows 
that M is the only non-zero, prime ideal of R, and so dim R = 1. 


PROPOSITION 4. Let R be an arbitrary integral domain, and let S # Q be a 
torsion-free R-module of rank one. Then the following are equivalent: 


(1) Hom,(Q, Q/S) = Q. 
(2) Ext,'(Q, S) = 0. 
(3) S = Ext,'(K, S). 
If any of these conditions hold, then Q/S is an indecomposable R-module. 
Proof. Since Hom,(Q, S) = 0 and Hom,(Q, Q) = Q, we have an exact 


sequence 
0 — 0—Hom,(Q, Q/S) > Ext2(Q, S) > 0. 


From this sequence it follows immediately that (1) and (2) are equivalent. 
Since Hom ,(R, S) = S, we also have an exact sequence: 

0— S— Exta(K, S) > Exte(Q, S) 0. 
Since Ext g'(Q, S) is a Q-module, the equivalence of (2) and (3) follows readily 
from this sequence and considerations of rank. 

Now assume that Ext,'(Q,S) = 0, and suppose that we have a direct 
sum decomposition: Q/S = T/S @ U/S, where T, U are proper R-submodules 
of Q that contain S. Then 7+ U = Q and T/\ U = S. Thus we have an 
exact sequence: 

0—-S—-T@U-Q-0. 
Since Ext,z'(V, S) = 0, we have T @® U=S @ Q. Thus we have a non-zero 
projection of Q into one of the modules 7 or U. This is impossible, since 


both 7 and U are reduced. Therefore, Q/S is indecomposable. 


Remark. We note that if R is any integral domain, then by Theorem A5 


we have Ext,'(Q, R) = 0 if and only if Hom,(K, K) > R. 


CorROLLARY. Let R be an arbitrary integral domain, and V a ring between R 
and Q. Let T be a torsion-free V-module of rank one. Then Exty'(Q, 7) = 0 if 
and only if Ext,z'(Q, T) = 0. 


Proof. Using Theorem All we have 


Hom y(Q, Q0/T) = Homy(Q @ez V, O/T) = Homa(Q, Homy(V, Q/T)) 
= Hom,(Q, Q/7). 
Then the corollary follows from Proposition 4. 
ProposiTION 5. Let R be a Noetherian, local domain with maximal ideal M 


and E = E(R/M). Then R is complete and dim R = 1 tf and only ff Q=> 
Hom z(Q, E). 
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Proof. lf A is an R-module, we will denote by A* the module A* = 
Hom (A, £). 
Suppose that R is complete and dim R = 1. We have a commutative 
diagram with exact rows: 
0o—-R -—-Q -—-K -0 


| uy 
0 — R* — O**  K** 0. 


Since K has D.C.C. by Theorem 1, we have by Theorem A2 that the maps 
R— R* and K — K* are isomorphisms. It follows that the map Q — Q** 
is an isomorphism. Since Q* is a Q-module, it follows from consideration of 
rank that 0 > Q*. 

Now suppose that 0 = Q*. Now we have R** C Q**; but since Q = Q** 
by assumption and R** > R, the completion of R, by Theorem Al, we 
actually have R C Q. However, as is well known, R (\Q = R. Thus R = R; 
that is, R is complete. 

Suppose dim R > 1. Then by Theorem A10 we can find two distinct 
minimal prime ideals P,, P2 of R. Let L be the complement of P; U P2; and 
let C = Hom,g(R;z, E). Then C is an injective Rz-module (2, Prop. 2.6.1a). 
Using Theorem All we have 


Home,(C, C) = Home, (C, Home(Rz, E) = Home(C @p, Rx, E) 
= Hom,(C, E) = R,™*. 


Since R,** C Q** =Q, R,** is R,-indecomposable. Therefore, C is an 
indecomposable injective R,-module. Now we have 


Home, (Ri/PiR1, C) = Home(Rz/PiRz, E) ¥ 0. 


Thus, since P,R, is a maximal ideal of R,, C has an element of order P,R,; 
and thus C is the injective envelope over R; of R,/P,R,. Similarly, C is the 
injective envelope over R, of R,/P2R,. Thus by Theorem Al, Pi R; = P2R;z; 
and so P; = Ps. Since P;, P2 were chosen distinct, this contradiction shows 
that dim R = 1. 

The unusual strength of the condition Q = Q* will be investigated further 
in Proposition 6, but first we need a lemma. 


Lemoa 1. Let V be a valuation ring with quotient field Q, maximal ideal N, and 
C = E(V/N). Then V is a maximal valuation ring if and only if Homy(C, C) 
=> V; and in this case C= Q/N. 


Proof. lf V isa maximal valuation ring, then Homy(C, C) = V by Theorem 
A3. Conversely, assume that Homy(C, C) = V. We will show first that 
C=Q/N. Now C is the injective envelope of Q/N by (8, Prop. 1); and, 
therefore, Q/N CC. Let x #0€C, and choose a #0 € O(x). Let 
y=1/a+NE€EQ/N; then O(y) = aN CO(x). Hence we have a map 
f: Ry — Rx such that f(y) = x. Then f can be extended to an endomorphism 





g 
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g: C— C. But g is multiplication by an element » © V. Thus x = g(y) = vy 
Q/N. Hence C C Q/N, and so C = Q/N. 
We next show that Q/V is injective. Let A be any V-module. Since 
w. gl.dim. V = 1 by (4, Theorem 2), we have Tor2”(A, V/N) = 0. Thus, 
since V/N = Homy(V/N, C), we have by Theorem All, 


Exty?(A, V/N) & Exty?(A, Homy(V/N, C)) 
= Homy,(Tor."(A, V/N), C) = 0. 


Hence the injective dimension of V/N is one. Therefore, since Q/N = C is 
injective, we conclude from the exact sequence: 


0—- V/N+Q/N -Q/V0 


that Q/ V is injective. Thus by Theorem A3, V is an almost maximal valuation 
ring. Since Homy(Q/N, Q/N) = V, it follows from Theorem A3 that V is a 
maximal valuation ring. 


PROPOSITION 6. Let R be a local domain (not necessarily Noetherian) with 
maximal ideal M and E = E(R/M). Then the following are equivalent: 

(1) O0= Hom,(Q, £). 

(2) If V ts any valuation ring between R and Q, then V is a maximal valuation 
ring; and if C = Hom,(V, E), then C is the injective envelope over V of V/N, 
where N is the maximal ideal of V. 


Proof. 

(1) = (2). lf A is any R-module, we let A* = Hom,(A, £). Let V be any 
valuation ring between R and Q, and let NV be the maximal ideal of V. Let 
C = Hom,(V, £) and A = Homy(C, C). Then by a repetition of the type 
of argument used in the second part of Proposition 5 we can show that C is 
the injective envelope over V of V/N, and that A= V**. Thus VC AC Q. 
By (6, Prop. 2.6) A is a local ring; denote its maximal ideal by P. Then to 
prove that V = A, it is sufficient to prove that V C P. However, if v € N, 
then there exists x € C such that vx = 0, and sov € P. Thus V = A. It now 
follows from Lemma 1 that V is a maximal valuation ring. 

(2) = (1). Let V be a valuation ring between R and Q. Let N be the 
maximal ideal of Vand C = Hom,(V, £). Then by assumption V is a maximal 
valuation ring, and C is the injective envelope over V of V/N. By Theorem 
A3 we have C=Q/N. Now Exty'(Q, VN) = 0 by Theorem A4, and so 
Hom y(Q, Q/N) = Q by Proposition 4. Thus, using Theorem All we have 


Hom,(Q, E) = Hom,(Q @y V, E) = Homy(Q, Hom,(V, £)) 
=> Homy(Q, O/N) = Q. 
We note that if R is a Noetherian, local domain, then it follows from 


Propositions 5 and 6 that R is complete and dim R = 1 if and only if con- 
dition (2) of Proposition 6 is satisfied. 














578 EBEN MATLIS 


THEOREM 4. Let R be a Noetherian integral domain. Then the following are 
equivalent: 

(1) R ts a complete local ring and dim R = 1. 

(2) Every proper R-submodule of Q is finitely generated and Hom,(K, K)=R. 

(3) Ext,'(Q/S, R) # 0 for every proper, non-zero, R-submodule S of Q and 
Ext,'(Q, R) = 0. 

(4) Ext,'(Q, S) = 0 for every R-submodule S of Q. 

(5) Every R-homomorphic image of Q is indecomposable and Hom,(K, K)=R. 

(6) R ts a local ring, dim R = 1, and Hom,(K, K) = R. 


Proof. 

(1) => (2). We will denote the maximal ideal of R by M, and let E = E(R/M). 
If A is any R-module, we let A* = Hom,(A, E). By Proposition 5 we have 
Q > Q*; and, of course, we have R* = E. Thus we have an exact sequence: 


0—- K*-Q—-E-0, 


and so E = Q/K*. By Theorem 1, K has D.C.C. Therefore, by Theorem A2, 
K* is finitely generated. Hence, since K* is an R-submodule of Q, K* is 
isomorphic to an ideal J of R. Thus we have E = Q/K* =Q/IJ, and so K 
is a homomorphic image of E. It now follows from Proposition 3 that every 
proper submodule of K is finitely generated. It is an immediate consequence 
that every proper R-submodule of Q is finitely generated. By Theorem A5 
we have Hom,(K, K) = R. 

(2) = (3). Let S be a proper, non-zero R-submodule of Q. Then we have 
an exact sequence: 


0 — Hom,'(S, R) — Ext,z'(Q/S, R) — Extg(Q, R). 


Since Hom,(K, K) = R is equivalent to Ext,'(Q, R) = 0 by Theorem A5, 
we have, assuming either (2) or (3), that Hom,(S, R) = Extg'(Q/S, R). The 
equivalence of (2) and (3) now follows from the fact that Hom,(S, R) ¥ 0 
if and only if S is finitely generated. 

(2) = (4). This follows immediately from Theorem A5. 

(4) = (5). This is an immediate consequence of Proposition 4 and Theorem 
A5d. 

(5) = (6). This follows directly from Theorem 2. 

(6) = (1). If R is the completion of R, we can define an operation of R on 
K as follows. Let x € K and # € R. Then there exists a Cauchy sequence {r,} 
of elements 7, € R such that r, — 7. Let M be the maximal ideal of R. Then 
there exists an integer k > 0 such that M*x = 0, and such that 7, — r,, € M*, 
whenever n, m > k. We define 7x = r,x. It is easily verified that this definition 
makes K into an R-module. Suppose 7K = 0. Let a # 0 € M. Then there 
exists an intezer N > 0 such that 7, € Ra for all n > N; hence r, — 0, and 
so # = 0. Thus we have R C Hom,(K, K). Since Hom,(K, K) =R by 


assumption, it follows that R is complete. 
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We note that if R is a complete, Noetherian, local domain, then by Theorem 
A5 we may omit the hypotheses Hom,(K, K) = R and Ext,'(Q, R) = 0 
wherever they appear in the statement of Theorem 4. As a corollary of 
Theorem 4 we obtain a special case of a theorem of M. Nagata (11, Th. 7) 
(see also D. G. Northcott (12, Prop. 4)). 


COROLLARY 1 (special case of a theorem of M. Nagata). Let R be a complete, 
Noetherian, local domain such that dim R = 1. Then the integral closure of R 
is a complete, discrete, valuation ring that is finitely generated over R. 


Proof. This follows immediately from Theorem 4 and the corollary to 
Proposition 4. 


COROLLARY 2. Let R be a complete, Noetherian, local domain with maximal 
ideal M and E = E(R/M). Then dim R = 1 if and only if Ext,'(E, R) ¥ 0. 


Proof. Suppose dim R = 1. Now by Proposition 2 there exists a proper, 
non-zero R-submodule T of Q such that E > Q/T. Hence Ext,'(E, R) # 0 
by Theorem 4. Conversely, assume that Ext,'(E, R) # 0. Let S be a proper, 
non-zero, R-submodule of Q. Then by Proposition 2 there exists an R-sub- 
module 7 of Q such that S C 7 and such that the following sequence is exact: 


0 7/S>Q/S>E-0. 


Since Hom ,(7/S, R) = 0, we have Ext,'(E, R) C Extg'(Q/S, R), and thus 
Ext,'(Q/S, R) # 0. Hence dim R = 1 by Theorem 4. 


COROLLARY 3. Let R be a complete, Noetherian, local domain such that 
dim R = 1. Then every torsion-free R-module of finite rank is a direct sum of 
a finite number of copies of Q and of a finitely generated R-module. 


Proof. Let S be a torsion-free R-module of finite rank. To prove the corollary 
it is sufficient to assume that S is reduced, and then prove that S is finitely 
generated. We proceed by induction on rank S. If rank S = 1, then S is 
finitely generated by Theorem 4. Hence assume that rank S = nm > 1, and 
assume the theorem true for modules of smaller rank. Now S has a submodule 
T of rank nm — 1 such that S/T is torsion-free of rank 1. Thus 7 is finitely 
generated by the induction hypothesis. If S/T is not reduced, then S/7 = Q, 
and we have Ext,'(S/7T, T) = 0 by Theorem 4. Thus S/T is a direct sum- 
mand of S, which contradicts the fact that S is reduced. Hence S/T is reduced, 
and so S/T is finitely generated. Thus S is finitely generated. 


CoROLLARY 4. Let R be a complete, Noetherian, local domain such that 
dim R = 1. Let S be a torsion-free R-module of finite rank. Then hdzS < © 
if and only if S is a direct sum of a free R-module and copies of Q. And in this 
case, hdpS < 1. 


Proof. By Corollary 3, S = T ® D, where T is a finitely generated sub- 
module of S, and D is a direct sum of copies of @. By Theorem A6, hdgD < 1. 
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Thus, hdgS < @ if and only if hdg7 < ©. Since f. gl. dim. R = 1, and since 
T is a submodule of a free R-module, it follows that hdg7T < @ if and only 
if T is free. 


3. K is injective. 


THEOREM 5. Let R be a Noetherian integral domain such that K is injective. 
Then dim R = 1, and K = >> @ E(R/M.), where M, ranges over all of the 
maximal ideals of R, and each E(R/M,) appears exactly once. 


Proof. 

Case I: Risa local ring with maximal ideal M. Let A be any indecomposable, 
direct summand of K. Then by Theorem Al, A = E(R/P), where P is a non- 
zero prime ideal of R. Now P-'/R is contained in K, and is a finitely generated 
R/P-module. By Theorem Al, a copy of the quotient field of R/P is con- 
tained in A (\ P-'/R. Thus the quotient field of R/P is finitely generated 
over R/P, and so is equal to R/P. Thus P is a maximal ideal, and hence 
P = M. Therefore, by Theorem Al, we see that K = }> @ Eg, where each 
Es = E(R/M) = E. Now 

E => Torf(K, E) = > @ Tor'i(Eg, E). 
Since E is indecomposable, K = E. Let P’ be any non-zero, prime ideal of 
R. Then we have an exact sequence: 
0—Rp -Q-E @ pr Rp: — 0. 
Since Rp, # Q, we have E @p Rp ¥ 0; and thus P’ = M. Hence dim R = 1. 

Case II: R is an arbitrary Noetherian domain. Let M be any maximal 
ideal of R. Then by (2, Ch. 6, Ex. 11), Ky = K @g Ru = Q/Ry is an 
injective Ry-module. Hence by Case I, dim Ry = 1. Thus dim R = 1. Now 
by Theorem A7, K = > ® Ky,, where M, ranges over all of the maximal 
ideals of R. By Case I, 

Ku, = E(Ru,/MaRu,) = E(R/Ma,). 
Thus each E(R/M,) appears exactly once. 


The following corollary is a generalization of a theorem of R. J. Nunke 


(13, Cor. 7.9). 


CoroLuaryY. Let R be a Noetherian integral domain such that K is injective. 
Then R is a complete local ring and dim R = 1 if and only if Ext,'(K, R) = R. 


Proof. Suppose Ext ,'(K, R) = R. Then by Proposition 4 and Theorem A5, 
we have Hom,(K, K) = R. Thus K is indecomposable, and so by Theorem 
5 R is a local ring and dim R = 1. By Theorem 4, R is complete. Conversely, 
if R is any complete local domain, then Ext,'(Q, R) = 0 by Theorem A5. 
Consequently, Ext,'(K, R) = R by Proposition 4. 
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THEOREM 6. Let R be a Noetherian, local domain such that dim R = 1; and 
such that R, the completion of R, is an integral domain. Let M be the maximal 
ideal of R and E = E(R/M). Then the following are equivalent: 

(1) K ts injective. 

(2) HdgE = 1 

(3) R has an irreducible, principal ideal. 

(4) M'/R=> R/M. 

(5) M-' is generated by at most two elements. 

If any of the above conditions hold, then every proper R-submodule of Q is 


finitely generated; and every principal ideal of R is irreducible. 


Proof. 
(1) = (2). By Theorem 5 we have K = E. By Theorem A6, hdpK = 1. 
(2) = (1). By assumption we have an exact sequence: 


0 a Fy, a> Fo —> E — 0, 


where F, Fy are free R-modules. Let /;* = Homp(F;, E) and Fy* = Hom, 
(Fo, EZ). Since Hom,(E, E) = R by Theorem Al, we have an exact sequence: 
0—- R- F* > Fy* > 0. 


Now F,*, F;* are injective R-modules, and so the injective dimension of R, 
considered as an R-module, is one. Since 0 @» FR is R-injective, we conclude 
from the exact sequence: 


0-R-0@,R—-—K @,R-0 


that K @» Ris R-injective. By Theorem 1, K has D.C.C., and so by Theorem 
A7 we have K > K @,R. Thus K is injective. 

(1) => (3). Let s #0 € M, and let x = 1/s + R,x © K. Then 0(x) sR. 
Hence, since K = E, sR is irreducible by Theorem Al. Thus every principal 
ideal of R is irreducible. 

(3) = (1). Suppose that s # 0 © M, and sR is an irreducible ideal of R. 
By Theorem Al there exists x; # 0 € E such that O(x,;) = sR. Since E is 
divisible, we can find x. € E such that sxe = x;, and x3; © E such that sx; = xe, 
etc. Let LZ be the multiplicative system consisting of the powers of s. Then 
R, = Q, and so K is generated by the set {1/s* + R}. Define f: K — E by 


f(a/s* + R) = ax,, a © R. It is easily verified that f is a monomorphism 


Thus K C E, and so by Proposition 2, K = E. 

(1) = (4). We have Hom,(R/M, K) = Anng(R/M) = M'/R UKE, 
then Hom,(R/M, K) = R/M by Theorem Al. Therefore, M-'/R > R/M 

(4) = (1). M~-'/R is the socle of K. Since R has dimension one, it is easily 
seen that K is an essential extension of M-'/R. Thus E(K E(M-'/R 
Hence, if M-'/R=R/M, then E(K) = E. But then K = E by Propo- 
sition 2. 

(4) => (5). If M-'/R>R/M, take u M-', u€@R. Then M will be 


generated by 1, wu. 
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(5) => (4). Suppose M—' is generated by at most two elements. If 4 M—' = R, 
then M is projective, hence principal, and so we have M—'/R = R/M. Hence 
assume MM—' # R. Then MM~— = M, and we have an exact sequence: 


0— R/M— M"'/M— M"'/R-0 


over the field R/M. Therefore, the sequence splits, and we have M-'!/M 
= R/M ® M-'/R. Now M~'/M is a vector space of dimension two over 
R/M, and so M—'/R is one dimensional over R/M. Thus M-'/R = R/M. 

Now assume that K is injective. Let S be a proper, non-zero .R-submodule 
of Q. We can assume that R C S. Then S/R C K, and S/R # K. By Pro- 
position 2, S/R is not a faithful submodule of K. Hence there existsa ~ 0 € R 
such that a(S/R) = 0. Therefore, aS C R, and so S is a finitely generated 
R-module. 


CorROLLARY. Let R be a Noetherian, local domain such that dim R = 1 and 
R is an integral domain. If M is generated by at most two elements, then K is 
injective. 


Proof. By Theorem 6 it will be sufficient io prove that M~' is generated 
by at most two elements. Let u;, uw. © M be the generators of M. We can 
assume that ue ¢ u,R. There exists an integer m > 0 such that uw," ¢ u,R, but 
us"*! € u,R. Let B be the R-module generated by 1, u2"/u;. Then BC M—. 
Conversely, let x € M—'. Then x = b/u;, where '€ M. If 6 € u,R, then 
x € B; hence assume that } ¢ u,R. Since Ru; + Ruo* = Ru, + M*, and since 


CY (Ru, + M*) = Ruy, 
. 


there exists an integer k > 0 such that b € Ru; + Ru,*, but b¢ Ru, + Ru,**'. 
Thus 5b = ru; + suo*, where r € R and s€ R— M. Hence x = b/u, =r 
+ s(u*/u,); and since s is a unit, (uo*/u;) € M-'. Hence u,*+! € u,R, which 
means that k > n, and so x € B. Thus M~—'! = B, and so M~ is generated 
by at most two elements. 


PROPOSITION 7. Let R be an integral domain and S # 0 a torsion-free R-module 
such that S, and every factor module of S by a cyclic submodule, is indecom- 
posable. Let A be an extension of R by S. Then, if A is not the split extension, 
A is an indecomposable, torsion-free R-module and rank A = rank S + 1. 


Proof. Suppose that A decomposes into a direct sum: A = A; @ Ag, where 
A,, Az are non-zero submodules of A. Now there exist x; € A, x2 € A» such 
that, if x = x; + x2, then A/Rx = S. We must prove that Rx is a direct 
summand of A. Let B = Rx; @ Rx; then B = Rx + Rx, and so B/Rx is 
cyclic. Since B/Rx C A/Rx, B/Rx is torsion-free. Thus Rx is a direct sum- 
mand of B, and B = Rx @ 7, where TJ is a submodule of B such that either 
T=O0Oor TR. 

Now we have A;/Rx; ® A2/ Rx. = A/B = (A/Rx)/(B/Rx) = S/T’, where 
T’ is a submodule of S such that 7’ = 7. Since S/T” is indecomposable by 
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assumption, we can assume that A2/Rx. = 0; that is, Ap = Rxe. If y © Az, 
then y = rx, = rx — rx,, where r € R. Thus A>» C Rx + Ay, and so A = 
Rx + A,;. Suppose z # 0 € Rxf\A,. Then z = rx, r€ R, and z = y; € A,. 
Hence rx, = 0. Since z # 0, we have r ¥ 0, and thus x. = 0. But then A, = 0, 
which is a contradiction to assumption. Hence Rx/f\A,;=0, and so 
A = Rx @ A,. Thus Rx is a direct summand of A which makes A the split 
extension. 


We now list four examples of integral domains that have indecomposable, 
torsion-free modules of rank two. 


(1) R is an integral domain such that K is indecomposable and 
Hom g(K, K) # R. 


Proof. By Theorem A5 we have Ext,'(Q, R) # 0. The conclusion follows 
from Proposition 7 and the fact that there is an extension of R by Q that 
is not the split extension. 


(2) R is a Noetherian, local domain such that K is injective, but R is not 
complete. 


Proof. By Theorem 5 we have K = E, and so K is indecomposable. Since 
R is not complete, Hom,(K, K) # R by Theorem Al. The conclusion now 
follows from example (1). 


(3) R ts a Noetherian domain such that every R-homomorphic image of Q is 
indecomposable, but R is not complete. 


Proof. Since R is not complete, we have by Theorem 4 that Hom,(K, K)#R. 
The conclusion now follows from example (1). 


(4) R ts an integral domain such that every principal ideal of R is irreducible, 
but K is not injective. 


Proof. Since K is not injective, there exists a non-zero ideal of R such that 
Ext,p?(R/I, R) # 0. Hence Ext,'(J, R) # 0, and so there exist extensions of 
R by J that are not split. Since every principal ideal of 2 is irreducible, every 
factor module of J by a cyclic submodule is indecomposable. The conclusion 
now follows from Proposition 7. 


COROLLARY. Let R be a valuation ring. Then R is a maximal valuation ring 
if and only if every torsion-free R-module of rank two decomposes into a direct 
sum of two R-modules of rank one. 


Proof. \f R is maximal, see (5, Th. 12) or Theorem A4. Conversely, assume 
that every torsion-free R-module of rank two is decomposable. By the pre- 
ceding example (4) we have that K is injective. Hence by Theorem A3, 2 is 
almost maximal. By the preceding example (1) we have that Hom,(K, K)=R. 
Thus R is a maximal valuation ring by Theorem A4. 
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APPENDIX 


THEOREM Al. Let R be a commutative, Noetherian ring. Then: 

(1) Every injective R-module is a direct sum of indecomposable injective R- 
modules. 

(2) There is a one-to-one correspondence between the prime ideals P of R and 
the indecomposable injective R-modules given by P + E(R/P). 

(3) If P is a prime ideal of R, then I is an irreducible, P-primary ideal of R 
if and only if there exists an element x #0 © E(R/P) such that I = 0(x). 

(4) Hom,(E(R/P), E(R/P)) & Rp, where Rp is the completion of Rp. 

(5) If I ts any ideal of R contained in the prime ideal P, then Hom,(R/IJ, 
E(R/P)) ts the injective envelope over R/I of (R/I)/(P/1I). Thus, in particular, 
Hom ,z(R/P, E(R/P)) is isomorphic over R/P to the quotient field of R/P. 


Proof. (7, Th. 2.5), (7, Prop. 3.1), (7, Lemma 3.2), (7, Th. 3.4), (7, Th. 3.7). 


THEOREM A2. Let R be a complete, Noetherian, local ring with maximal ideal 
M and E = E(R/M). Then there is a one-to-one, lattice-order inverting corre- 
spondence between the ideals I of R and the submodules A of E given by: 


I+ Anng(J) and A#O0(A), 


such that I = O0(Anng(J)) and A = Anng(0(A)). Jf B is a finitely generated 
R-module (resp. has D.C.C.), then Home(B, E) has D.C.C. (resp. is finitely 
generated); and we have Homg(Hom,(B, E£), E) = B. 


Proof. (7, Th. 4.2), (7, Cor. 4.3). 


THEOREM A3. Let V be a valuation ring with maximal ideal N and quotient 
field Q. Then V is almost maximal if and only if Q/ V is injective. If V is almost 
maximal, then V is maximal tf and only if Homy(Q/N, Q/N) = V. And if V 
ts almost maximal, Q/N is the injective envelope of V/N. 


Proof. (8, Th. 4), (8, Lemma 7), (8, Th. 9). 


THEOREM A4. Let R be an integral domain. Then the following are equivalent: 

(1) R is a maximal valuation ring. 

(2) R is an almost maximal valuation ring and Hom,(K, K) = R. 

(3) Ext,g'(A, S) = 0 for every torsion-free R-module A, and every torsion-free 
R-module S of rank one. 

Proof. (8, Th. 9). 

THEOREM A5. Let R be an integral domain. Then Ext,'(Q, R) = 0 if and 
only if Hom,e(K, K) = R; and in this case Ext»'(Q, S) = 0 for every finitely 
generated R-submodule S of Q. If R is a complete, Noetherian, local domain, 
then the above conditions are satisfied. 


Proof. (8, Lemma 6), (7, Th. 4.2), (2, Prop. 6.5.1). 


THEOREM A6. Let R be a Noetherian integral domain of dimension one. Then 
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(1) HdgQ = 
(2) Every divisible R-module is a homomorphic image of an injectiev R- 
module. 


Proof. (9, Lemma 3.2), (9, Th. 3.3). 


THEOREM A7. Let R be a commutative, Noetherian ring, and A an R-module 
such that if x # 0 © A, then every prime ideal that belongs to 0(x) is maximal. 
Then: 

(1) A= > @®Axy,, where M, ranges over the maximal ideals of R. 

(2) Am, = A @r Ru, where Ry, is the completion of Ry. 

(3) Ans, ts finitely generated (resp. has D.C.C.) over Ry, if and only if the 
same 1s true over R. 


Proof. (9, Lemma 3.1) and (10). 


THEOREM A8. Let A be a module over a Noetherian ring R. Then A has 
D.C.C. tf and only if A is contained in a finite direct sum of modules of the 


form E(R/M,), where M, is a maximal ideal of R. 


Proof. (7, Cor. 4.3) and (10). 


THEOREM AS. Let A be a module with D.C.C. over a commutative, Noetherian 


ring R. Let I be an ideal of R. Then IA = A if and only if there exists an 
element r © I such that rA = A. 
Proof. (10). 


THEOREM A10. Let R be a commutative, Noetherian ring such that dim R > 2. 
Then R has an infinite number of prime ideals of rank one. 
Proof. (1, Prop. 2.6). 


THEOREM All. Let R, S be rings and consider the situation described by the 
symbol (Apr, rBs, Cs). Then there is a natural isomorphism: 


Hom p(A, Homs(B, C)) = Homs(A @_z B, C). 
If C is S-injective, then we have an isomorphism: 
Ext p(A, Homs(B, C)) = Homs(Tor*(A, B), C). 
Proof. (2, Prop. 2.5.2’), (2, Prop. 6.5.1). 
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A NOTE ON INDUCED MODULES 
CHARLES W. CURTIS 


1. Introduction. In this paper, A denotes a ring with an identity element 
1, and B a subring of A containing 1 such that B satisfies the left and right 
minimum conditions, and A is a finitely generated left and right B-module. 
The identity element 1 is required to act as the identity operator on all 
modules which we shall consider. For any left B-module V, there is a standard 
construction of a left A-module which is, roughly speaking, the smallest 
A-module containing V. Namely, we form the tensor product group A @, V, 
and define the module operations in this group according to the rule 


(1) a( > a, @ %) = _ aa, @ v, a,a, € A, vy, € V. 


If a is taken from B instead of A, then (1) defines the structure of a left 
B-module on A @ x V, and there is a natural B-homomorphism 


(2) esv—1 @p, ve V, 


of V into A @, V, such that A @, V is generated, as an A-module, by «(V). 
In case A is the group algebra of a finite group, and B is the group algebra 
of a subgroup H of G, the representation of G afforded by the module A @, V 
is the induced representation, defined first by Frobenius, of the representation 
of H afforded by V. The theory of induced modules A @,» V in general has 
been treated extensively by Higman (3), (4), and Hochschild (5). 

The purpose of this note is to investigate the following question. 

(1) Let V be a left B-module. Does there exist a B-homomorphism 7 of 
A @ x V onto V such that we = 1, where « is given by (2)? 

The existence of x is clearly equivalent to the requirement that « map V 
monomorphically (that is, with kernel zero) onto a B-direct summand of 
A @z V. 

The condition (1) is satisfied for all left B-modules V in case B is a semi- 
simple ring. Higman has observed in (2) that (1) holds for all left B-modules 
V whenever A is the group algebra of a finite group over an arbitrary field, 
and B the group algebra of a subgroup of G. The question (I) for general 
non-semi-simple rings B is of interest for the following reason. Following Jans 
(6), we say that a ring A with left minimum condition has unbounded repre- 
sentation type if there exist indecomposable left A-modules with arbitrarily 
long composition series. Jans (6) and others have discovered criteria for A 
to be of unbounded representation type in case A is a finite dimensional 
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algebra over a field. Little seems to be known, however, about the following 
question. 

(Il) Let B be a subring of A, and suppose that B has unbounded repre- 
sentation type. Does A then have unbounded representation type also? 

In § 3 we shall give examples to show that in general the answers to both 
questions are negative. Our contribution to the study of (II) is the remark, 
already made in the group algebra case by Higman (2) that an affirmative answer 
to (I) for all left B-modules V implies an affirmative answer to (II). To prove 
this assertion, let V be an indecomposable left B-module which possesses a 
composition series. Then A @, V is a finitely generated left B-moduie, and 
has a composition series both as a left B-module and as a left A-module. Then 
A @, V isa direct sum of a finite number of indecomposable left 4-modules 
U,,..., U,. Each U; in turn is a direct sum of indecomposable B-submodules. 
By (1), A @g V has a B-direct summand isomorphic to V. Therefore, by the 
Krull-Schmidt Theorem, some U,, has a B-direct summand isomorphic to 
V, and hence U;, has a composition series as a B-module at least as long as 
a composition series for V. Because any irreducible left A-module is a homo- 
morphic image of the finitely generated left B-module A, we see that the 
B-composition length of all irreducible left A-modules is bounded by the 
B-composition length of A. Combining our remarks, we conclude that if B 
has indecomposable modules with arbitrarily long composition series, the same 
assertion holds for A, as we wished to prove. 


2. Main results. We give some sufficient conditions for condition (1) to 
hold. The first is rather trivial, but it includes the group algebra case. By a 
projection of A upon B we shall mean an endomorphism @ of the additive 
group of A such that ¢(A) = B, and $(b) = 6 for all 6 € B. 


THEOREM 1. Suppose there exists a projection rt of A upon B which is both a 
left and right B-homomorphism. Then condition (I) holds for every left B-module 


J 


Proof. Let « be the homomorphism of V into A @, V given by (2). Then 
x = 7 @ 1 defines a homomorphism of A @, V onto V such that ze = 1, 
because rt is a right B-homomorphism of A upon B which reduces to the 
identity on B. Because r is also a left B-homomorphism of A onto B, is a 
B-homomorphism, and the Theorem is proved. 


COROLLARY. (Higman (2).) Let A = KG be the group algebra of a finite 
group G over a field K, and let B = KH be the group algebra of a subgroup H 
of G. Then (I) holds for every left B-module V. 


Proof. Let g; = 1, go,...,g, be a set of representatives of the left cosets 
g:fl of H in G. Then A is a free right B-module with basis g;,..., g,. Then 
the mapping r: >> gb; — b;, 6; © B, isa projection of A upon B which satisfies 
the hypothesis of Theorem 1. 
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For the rest of the section we assume that there exists a projection \ of A 
upon B which is assumed only to be a left B-homomorphism. This hypothesis 
is automatically satisfied, for example, whenever B is a quasi-Frobenius ring, 
since a quasi-Frobenius ring B is an injective left (as well as right) B-module 
(see (1)). With the projection \ we shall associate a two-sided ideal J, in B 
which measures the extent to which d fails to be a right B-homomorphism. We 
begin by defining for each a € A and b € B the element 


f(a, b) = X(ab) — A(a)d 


of B. We then define J, to be the set of all finite sums > fla, b,), with a, in 
A and b, in B. The function f satisfies the conditions 


f(— a, b) = f(a, — b) = — f(a, d), 
bf (ay, b,) = f(bay, b,), 
and 


f (ay, by)b = flay, bb) — flag, 5), 


for all a, a; € A and 6, 6, € B. From these formulas it follows at once that 
I, is a two-sided ideal. 
Our main result can be stated as follows. 


THEOREM 2. Let B be a subring of A such that A is a projective right B-module, 
and let d be a left B-projection of A upon B with associated ideal I, in B. Then 
for every left B-module V such that I,V = 0, the mapping «:v — 1 @ v maps 
V monomorphically onto a B-direct summand of A @, V. 


Proof. We have to prove that there exists a B-homomorphism 7 of A @, V 
onto V such that we = 1. Because A is a projective right B-module, the first 
theorem of (7) implies that A is a direct sum of submodules a,B, 1 < i < s, 
such that each a,B is B-isomorphic to a right ideal e,B in B generated by an 
idempotent e; The isomorphism 6; of a,B onto e,B can be chosen so that 
6,(a,) = ex, 1 < i < s, and it follows that a,e, = a, for each 7. From the 
properties of tensor products, it follows that A @, V can be expressed as a 
direct sum 


(3) A@sV= > @@BO@V)= > O (a, @ V). 
i=1 


i=l 


For any element x = doa, @ v;, v; € V, of A @p V, we define 
8 

(4) a(x) = Do A(aew. 
i=1 


First we check that z is well-defined. If x = 0, then because of the direct 
sum decomposition (3) we have a; ® v; = 0 fori = 1,..., s. Moreover, since 
9,(a,b)v = 0,(a,)bv, b © B,v © V, there exists a homomorphism a, of a,B @ V 
into V such that o;(a,b @ v) = 9,(a,b)v, 6 € B, v € V, and we have 


O = o,(a; @ vi) = O,(a,)v, = CW; 
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Then from (4) we have r(x) = 0. x is obviously additive. We next verify that 
we = 1. We can express the identity element 1 in A in the form 1 = }-a,,, 
where we may assume that e,b, = b;,, 1 < i < s. Then for v € V, we have 


(2X a,® bo) = » A(avJedwe = > A(a;)bw 
DX (tad, — fla, 6))v = SO Adv = A(1)v = 0 


since A(1) = 1, and J,V = 0. Finally we prove that x is a B-homomorphism. 
Let 6 € B; then we have for each 1, 


re(v) = (1 @ v) 


s 


ba, _ > 2 5B 51, 


j=l 


where the 8,, € B, and we may assume that e,8,,e; = 8,; for all i and 7. Then 


we have 
bx( > a,®@ v4) =b » A(a, Jew, = ) > A(ba ew, 
while on the other hand we have 


(0 0100) = (EE ote) = «(Eo E se) 

X Mae D Ba) = LL ras)Byea 

»» > (A(a5851) - dming = p> MX 28s ea 
LD Abavew: = bx( LD a. @0), 


since f(a,, 8;,) € J, and I,V = 0. This completes the proof of the theorem. 
From Theorem 2 and the remarks in § 1, we have the following corollary. 


COROLLARY 1. Let A and B satisfy the hypothesis of Theorem 2, and suppose 
that B/I, has unbounded representation type. Then A has unbounded repre- 
sentation type. 


COROLLARY 2. Let A be a projective right B-module, where B is a quast- 
Frobenius ring. Moreover, for some left B-projection \ of A upon B, let NI, = 0, 
where N is the radical of B. Then for every finitely generated left B-module 
V, «:v—> 1 @ v maps V monomorphically onto a B-direct summand of A @z V. 


Proof. Because V is finitely generated, V is a direct sum of indecomposable 
left B-modules V;, 1 < 1 < t. If we can prove Corollary 2 for each V,, then 
it is clear that Corollary 2 will hold for V. Therefore we may assume that V 
is indecomposable. The hypothesis that VJ, = 0 implies that J, is a sum of 
minimal left ideals in B. We prove first that J,V # 0 implies that V is injective. 
This result is a familiar one in the theory of quasi-Frobenius rings (see (8)), 
but for the sake of completeness we sketch the proof. We have J, = hes 
where the e; are primitive idempotents in B. Because VJ, = 0, Ke; #90 
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implies that J,e, is the unique minimal subideal in the indecomposable left 
ideal Be, of B. Now I,V # 0 implies that for some e;, J,e,V # 0, and there 
exists v € V such that J,ew is a non-zero submodule of V. The mapping 
be, — bew is a B-homomorphism of Be, onto Bew, and since Be, has a unique 
minimal subideal not contained in the kernel of the homomorphism, it follows 
that Bew is isomorphic to Be; On the other hand, Be, is an injective left 
B-module; hence Be is an injective submodule of V. Since V is indecompos- 
able we must have Bew = V, and V is injective. We have now shown that for 
a given indecomposable left B-module V, either ,.V = 0 and Theorem 2 
applies to V, or V is injective. It remains to prove that if V is injective, then 
e:v— 1 @ v maps V monomorphically onto a B-direct summand of A @, V. 
Because B is quasi-Frobenius, B is also injective as a right B-module, and there 
exists a right B-projection p of A upon B. Then (p @ 1)e = 1, and it follows 
that « is a monomorphism of V into A @, V. Because ¢(V) is injective, e( V) 
is a B-direct summand of A @, V, and Corollary 2 is proved. 


3. Examples. First we give an example to show that in general the 
answer to (II) is ‘“‘no’” even when both 4 and B are quasi-Frobenius rings. 
Let K be any field of characteristic p > 0, and let B be the group algebra 
over K of any finite group with a non-cyclic p-Sylow subgroup. Higman has 
proved in (2) that B has unbounded representation type. Moreover B is 
quasi-Frobenius (in fact a symmetric algebra), and can be imbedded in the 
algebra A consisting of all » by m matrices over A, where n is the dimension 
of B over K. But A is a simple algebra, and has only one indecomposable 
module. Therefore the answer to (II) is negative in this case, and there must 
also exist left B-modules for which (1) does not hold either. 

Finally we give an example of a pair (4, B), with B quasi-Frobenius, and 
A a free right B-module, such that for some left B-projection \ of A onto B, 
we have J, = B. We show, furthermore, that in this case there do exist left 
B-modules V such that e(V) is not a direct summand of A @, V. 

Let K be an arbitrary field, and let n be an even integer, m > 2. Let / 
denote the n by n identity matrix, and J the m by n matrix ea; + e32 +... 
+ €nn—1, Where e,,; denotes the matrix with a | in the (7, 7) position and zeros 
elsewhere. Let A be the algebra of 2” by 2m matrices generated by the identity 
matrix 1, and the matrices 


7 ( !) - be I+ J) 
, oe ae ~ \o J}? 
where the entries in a and 6 stand for n by n blocks. Then we have 


a=a-+l, -' € O, * = 0, ab + ba = 6+1. 


Let B = K[6b]; then B is a quasi-Frobenius subalgebra of A, and A is a free 
right B-module with basis {1, a}. The elements {1, a} form also a basis for 
A as a free left B-module, so that every element in A can be expressed 
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uniquely in the form 8» + 8,a, with 8» and 8, in B. Define a mapping A: A — B 
by setting A(8» + 8:4) = Bo. Then d is a left B-homomorphism of A onto B 
whose restriction to B is the identity mapping. The ideal J, defined by A 
contains 


Afab) — A(a)b = A(— ba + 864+ 1) = b4+1, 


which is an invertible element in B since 6 is nilpotent. Therefore J, = B. 
Now let Z be a left ideal in B; then AL > A @3 L, and the mapping e:/— 1] 
is a B-homomorphism of L—AL. In particular, let L.= Kb""'; then 
AL = Kb""' + Kab". Let M be a left B-submodule of AL not contained 


in L. Then M must contain an element 


m = tb"! + nab™"', tn € K, n ~ 0. 
Then 
bm = n(— ad +641)" = nd CC M, 


and M (\ e(L) # 0. Therefore ¢(Z) is not a left B-direct summand of AL. 
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AN INVERSION FORMULA FOR THE 
WEIERSTRASS TRANSFORM 


G. G. BILODEAU 


1. Introduction. The Weierstrass transform f(x) of a function ¢(y) is 
defined by 


(1.1) f(x) = J “a(2 3 2) s0o)dy 


i) 





where 


—s? 


k(x) = (4r)— te 


whenever this integral exists (7, p. 174). It is also known as the Gauss trans- 
form (11; 12). Its basic properties have been developed and studied in (7) 
and in particular it has been shown that the symbolic operator 


—p? d 
” fel D=- 
dx 
will invert this transform under suitable assumptions and with certain defini- 


tions of this operator. We propose to study the definition 


(1.2) e't(x) = lim ( - e) f(x) 


for f(x) in C®. This formula seems to have been first examined by Pollard (9) 
and later by Rooney (12). In so far as convergence of (1.2) is concerned, we 
will considerably improve the results of (12). 


2. The inversion operator. Along with Rooney (12), we note that (1.2) 
is in reality a summability of the series arising from the following interpreta- 
tion of e~”” 


) n 
—p?2 ‘= (— 1) p(2n) 7. 
(2.1) e"f(x) = ) ha fo me re). 
—— ee) 
For a general series }°“_,c,, the summability process is defined as 
lim > On nl = in 3 aan ETI St 
N+» k=O no k=0 )n 


where 





! 
> nN: 
AY => c ay = he k . 
. i=—0 , “4 (n — k)!n 
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This process has been studied by Amerio (1), Bernstein (3), and Rey-Pastor 
(10). We will refer to this as (S) summability. This follows the definition 
of Amerio. It is in fact regular. We will compare it with the familiar Euler 
(E, q) method defined as follows (6, p. 180), 


lim (¢ +1)" >> ("Jers 0<q<o 
Nx k=0 


for the series mentioned above. 

THEOREM 1. Let >°*_..c, be summabdle (E, q) for q satisfying 
(2.2) (2g + 1) < exp[(2q + 1)—' + 1], 
then the series is summable (S). 

Let go be the unique root of the equation 

2go + 1 = exp[(2¢0 + 1)—! + 1]. 


Clearly 0 < gq < qo. From (6, p. 181), c, = o[(2¢ + 1)"], n ~@. The series 
Do Gna" then converges for |z| < (2g + 1)~'. In particular it converges for 
z = Re“ for any @ and R = (2q’ + 1)~', (2g + 1) < (2¢' + 1) < (2q0 + 1). 
By a result of Bernstein (3, p. 358), the series }°°_,c,2" is summable (S) up to 
and including the value z = xo, where x» is defined by xo/R = exp((xo/R)-!+1). 
Clearly (xo/R) = 2go + 1; that isxo = R(2go + 1) = (2¢0 + 1)/(2q’ + 1)>1 
so that }°*_,¢, is summable (5S). 

The series is indeed summable to the same value. This along with a different 
proof of Theorem 1 has been shown in (4, p. 78). The number go is approxi- 
mately 1.29... . Rey-Pastor (10) has proven that the series 


1 
nn 


a. (— l)a@ 
n=0 
is summable (S) to (1 + a)—' for — 1 < a < do, do = 2g9 + 1, a0 = 3.59... . 
The process diverges for a outside this region. On the other hand, (E, g) sums 
this series to (1 + a)—' for — 1 < a < 2g + 1 and thus we see that Theorem 
1 is best possible. 
Returning to the definition (1.2), we obtain 


p*\" te -(x—y\ (x-y 
(2 3) .= soe = J K\ > A>) ody 


where 
(2,4) K,(x) = >> (-1)' (") (4n)* Hx (x) 


k=0 


and H,(x) is the Hermite polynomial defined by 
H,(x) = (— 1)"eD*e™. 
We begin with 
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LEMMA l. 
(a) f H(2)x.(2)ae = |. 
>, . (— 28) oe mt fre } s (. x Vt ) 
(b) K, (x) = (On)! . t7#(1 + t)"H, a+p! dt. 


Part (a) follows from the orthogonality of Hermite polynomials. On the 
other hand, from Bailey (2), 





Qn x\_ - —_— we — . 
u Ha) = 2 Gn — api (1 — 0) Hnme(2). 


k=0 


Let u? = (t + 1)/t, multiply both sides by e~"‘ and integrate from 0 to @ 
to get 


af nt } n xv ) 
iz t + Hal D! dt 
an r'(k + 4) 
ja "(De ek 4 = i” x4 i 
(— 1) (2m)! 20 (— 1) in — byob) * HH, (x) 
and this is part (b). 
Some bounds for K,,(x) are now developed. 


Lema 2. (a) K,(x) = O(n"), n +©@, uniformly for x in any finite interval. 

(b) K,(x) = O[nt exp{ (x?/2) + n — n (1 + 2x2/n)? + nlog( +4 (1+ 
(2x2/n)*)}] uniformly for 0 < x < A+/n, A any constant. 

(c) K,(x) = O(n-*x-*) + O(n-7) where y is some positive number and the 
result holds uniformly for 0 <x < nt, € < 1/24. 

(d) |K,(x)| < (1 + 2x?/n)", |x| > (20 + 4)3, 

it is a consequence of a result proved in (13, p. 194) that Ho,(x) 
O[((2n)!/n!)] uniformly for x in any finite interval. Thus by Lemma 1, 


K, (x) = O(n!) | e431 + 2)"dt, n— @, 
“0 
An appeal to a result in (5, p. 37) finishes the proof of part (a). For part (b) 
we use the result, (13, p. 236), 
eH. (x) = O[2"{ (2n)!}4] 
uniformly for all x. Thus 


K, (x) = o(n') f etn? _ dt 
0 


Jt(l + t) 


where h,(t) = — nt + (m + 1) log(1 + #) + (x7#/2(1 + 24)). A, (0) has a maxi- 
mum at t = bo, 


2x*\! 1 
t= 4} —1+\1+—-) |+0O\-], 
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uniformly for 0 < x <@. Then K,(x) = O[nte(®] and it is easy to show 
that 


2x*\i 2x*\! x“ 
h,(toc) =n —n oe +nlog| 4+ 4 ut: + 5+ O(1) 


uniformly for 0 < x < A+/n for any constant A. This is part (b). For the 
more difficult part (c), we use the following asymptotic formula for H,(x) 
(13, p. 195), 


eH (u) = 2" (nt) (en) Ysin 6) 4 


: { 
sin (2 + 1) (sin 2 — 24) + ae + O(n" ¢ 
2n+1)*cos@ and the order condition holds uniformly for 


u = 
u<o< 4 —p,u> 0. Thus, after using Stirling’s formula, we get 


K,(x) = (Us | eta + te + (sin 9) 3 
VT 0 


snl (n + 4)(sin2¢ — 2¢) + ae ly + O(n) | eet + aye tg 


with 


(5) | 
x itt = (4n + 1)’cos 4. 


The second part is O(n—e**“®) with h,(to) as before and we will now assume 
that 0 < x < m* for e€ as yet unspecified but less than 3. We split the 
remaining integral into two parts J, and J, corresponding respectively to the 
ranges (0, to + n*4), (to + n> ©), tj as above and 0 < 6 < 3. A(t) isa 
decreasing function in the range defining J2 so that 

I, = O(n») 


and we can show that h,(t) + n') < h, (to) — cn™ for some constant c and 
0 <6 < 1/6. Thus J, = O(e(-"*) and 


b 
K,(x) = (- »(*) I, + O(n ten) n—> @ 


0 <x <n‘, 0 < « < 3. Now we can also show for the same range of x, 
hn(to) = O(n*") + O(1), n-—@ so that for 0 < « < }, 


K, (x) = (-1"(2) +00 y n— @ 
where 


® to+n® $ Sn 
I, = j t bea (cin ¢) 4 snl (n + 4)(sin2¢ — 2¢) + 3 ly 
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with 


9 


5 9 
_t cS ; Pee i = 
(-+) (4n +1)’ cos ¢, g,(t) = —nt + n log (+) +5qap° 


For 0 < « < 6/2 < 1/24, g,(t) = (— nf*/2) + O(m-*~) uniformly for 
0 < x < n‘ where y is some small positive number. Also 





(sin ¢)? = 14+ O(n”), 


4 
= (— 1)" cos{(4n + 1)! xv/t — 4(4n + 1)hxt*”] + O(n") 


snl (n + 4)(sin 2¢ — 2¢) + ae 


and the last term is O(m-*—~) for 6 < 1/12. Then we can show that 


C) 


n''* en totn ‘ 
K,(x) = =| ew 


} Pi 
coq An + ut xv/u _ = = c wu!” |i + O(n") 


ni 2ni 
uniformly for 0 < x < mn‘. The upper limit may be replaced by © and the 
error is 


1 26 
O(n*e™ ). 


We now split up the integral according to the addition formula for the cosine 
function into J; and Je. J; corresponds to the integral with the cosines in 
the integraud. Two integrations by parts will show that J; = O(n-'x-*) 
+ O(n-*). In a similar way, the second part J; = O(n-4). Combining all 
of these results, we obtain 


K,, (x) = O(n ty-2) + O(n), n—->@ 


uniformly for 0 < x < n*. 
For part (d), we use the bound for H,(x) developed in (8, p. 158), 


H,(x)| < 2” |x|", x| > (n+ 4)! 


so that for |x| > (2n + 1)! 


es (n Lio 2. - ( i} 
K,(x)| < (eK 2 2m" = \1 +=). 


This completes the proof of the lemma. 


3. The main theorem. We begin with a lemma on the roots of a certain 
transcendental equation. 


LEMMA 3. There is one and only one solution to the pair of equations 
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72 "\s *\i 
40-98-6048) + tog] 3 +(1 +) | = 0 


— (1— A) " 7 log( 1 7 4 =0 


outside of the trivial pair k* = 0, A = anything. 


The change of variable u = (1 + k*/2)' and the elimination of A results in 


(u — 3)(u — 1) ( Qu" ) 
: = fan = 
4 6 1+ u 


and it is easy to see from this that there are only two solutions and that 
u = 1 corresponds to the trivial solution. The important solution (Ro, Ao) is 


ro. -)6=—ée ki = 49.876... 


We now prove our main result. 


> 


THEOREM 2. Suppose A < Ao, where Ao is defined in Lemma 3 and that 
®+o 
(y?—2 
j e Aw) /*) o(y)|\dy < @. 
. 7 


If, moreover, (xo+) and o(xo—) exist and f(x) is the Weierstrass transform 
of o, then 


7 n 
lium (1 _# *) fea) | = £[ (xo +) + O(x0 —)]. 


n 


n-<o 


Let A = $[¢(xo+) + o(xo—)]. By Lemma 1, we can write 


2\n * +c — on a 
(; - 4 f(x)-A= | | (® 5 v)x,( #5 Vis) — Ajdy. 


The integral is decomposed into J;, J2, [3 corresponding respectively to the 
ranges (— ©, x9 — m), (xo — 7, Xo + 7), (xo + 7, ©), » > O. Again decompose 
I; into J;', I;’’, I;' corresponding respectively to (xo + 9, xo + Ron‘), 
(xo + Ron*, xo + Rov/n), (x0 + Rov/n, ©) with e€, ko as before. Now, by 
Lemma 2, 


~ 


ea 
y(u) Au? /4 
| I3"""| < j ao o(u + xo) — Aldu 
e 


kovn 


where g(u) = — (1 — A)u?/4+-m log(1 + (u?/2n)). g(u) has a maximum for 


(1+ A)\! 
— - 9 een 
u = Uo Val ot tA) : 


Then 


1 + Ao) \} 
uo < Val 2+ As)) < kov/n. 








or 
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Also g’(u) < 0 in the range of integration so that 
g g £ 
I;’ = ore) e “| b(u + x0) — Aldu. 
kovn 


But 


g(korn/n) = “| (1 — A) * + log( 1 + Hi) 


< “| - (1 = Ao) * + log( 1 + Hs) = 0 
and thus J,’” o(1), >. On the other hand, by Lemma 2 


*kovn 
I; = o(n') | oe bu + x9) — Aldu. 
kon* 


Now 


(3.1) d(u) = n+ (A — $) 7 - nl + g) +n og| 3 + i(1 + =) | 
2 2n 


= (A — Apo) r + h(n). 


By hypothesis h(ko\/n) = 0 and also h(O) = 0. It is not difficult to show 
that h(u) < 0 for 0 < u < RovV/n. Then from (3.1) 


max d(u) < 4(A — Ao) (Ron*)?. 
Therefore 
a *koyvn 
, 2 (ki /4)(A—Ag)n** Au’ /4 
Ii’ = O(n*e**/04-40"" ) j eo" o(u + x0) — Aldu 
© kon * 


and this is 0(1). Now by Lemma 2, 
: *kon* = . 
I; = O(n‘) j eu *| b(u + x0) — Aldu 
o's 


*kon* 
+ O(n”) | eo "o(u + x0) — Aldu 


” 


and this is also o(1), n>. Thus J; = o(1). The proof that J, o(1) is 
similar. There remains J». Since K,(x) is even, 


*zo+7 ———— —— 
(3.2) h= | (* =2)n{ 2\190) — $(x0+) dy 
+ (® ~ v\,(® ~ V6) — $(x» —)]dy. 


“20-9 
For the first integral, given 6 > 0 choose 9 such that |@(y) — ¢(xo+)) < 6 
for x» < y < x9 + 9. Then 
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Zot? —_ = 
fez) |=) | oo ~ sen sner <a fee) 
z0 ” 7 


and this last integral is split up according to the ranges (0, n-*), oA n). By 


Lemma 2, 
wn-t oa 
J orn, (: a = o(n' | e* “du = O(1), agian, 
0 ’ 


” 77 
O(n) f on wd + o(n) | ie udu 


| 
e 
_3 
yy 
a 
ne, 
nik 
ae” 
& 
ll 


"2 
O(n) | edu + O(n”) = 


Thus the first integral in (3.2) is 60(1),n—+@. The same holds true for the 
second integral and therefore 


lim |I2| < Mé, M a constant. 
This proves the theorem. 

This result should be compared with the theorem on convergence of (2.1). 
The series inverts approximately when A = 3 (referring to the A of Theorem 
2). See (11) and (4, p. 12). Not all functions which are Weierstrass transforms 
can be inverted by our inversion formula. For example (7, p. 178), let 


f(x) = co = f (252) 1+ 4a) te +4Or" dy 


>) 


for — 4 <a < o, The series (2.1) is now 
ee a” 
> _ =< Hn (/— a x) 
n=0 


which for x = 0 is 


> (=. \" 2n)! 3a". 


n=0 


This is (1 + 4a) for |4a| < 1. It can be shown (4, p. 107) that this series 
is summable (S) to (1 + 4a)? for (4a) < exp((1/4a) + 1) and diverges 
otherwise. That is, it diverges for a > .897.... 
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TRANSFORMATION ALGEBRAS 
LEON LEBLANC 


Introduction. The purpose of this paper is to show that most results 
concerning polyadic algebras can be generalized to transformation algebras. 
The results of this paper will clearly indicate that a great deal can be done in 
polyadic algebras without ever mentioning the quantifier structure (for 
instance, terms and operations can be characterized without the help of the 
quantifier structure, at least in the case where an equality is present). In 
§ 1, we develop the elementary theory; in § 2, we study the different ways of 
extending a (locally finite) transformation algebra (of infinite degree) to a 
polyadic algebra; in §3, we study equality transformation algebras; finally, 
in §4, we show how terms and operations can be defined in equality 
transformation algebras. 


0. Preliminaries. The purpose of this section is to establish the notation 
and the basic terminology to be used throughout this paper. For easier refer- 
ence, we also state, without proof, one known lemma. The notation for Boolean 
algebras and polyadic algebras is the one used by Halmos in his four papers 
(1-4). However, there are two notational changes which we describe now. 
If J is a set and i, j are elements of J, then the symbol (j/7) denotes the trans- 
formation on J which sends i onto j and every other element onto themselves. 
Previously, in (3), this transformation was denoted by (i/j). The advantage 
of this new notation is that the “cancellation law’ holds: S(j/k)S(k/i)p 
= S(j/i)p whenever p belongs to some polyadic algebra and i, j, and & are 
variables so that p is independent of k. Accordingly, if ¢ is a term and K a set 
of variables, then the symbol (K/t) as defined in (3) shall be replaced by 
(t/K). The second change of notation concerns functional polyadic algebras. 
Suppose X and 7 are sets, J a subset of J, and x, y belong to X’. We define 
x = y mod J (to read: x is equal to y modulo J) to mean x; = y, whenever i 
is not in J. The letter O shall denote the two-element Boolean algebra. A 
homomorphism from a Boolean algebra B onto O shall be called a valuation 
of B. A sum of B is a subset = of B so that = has a supremum in B which is 
denoted by V *. If C is a Boolean algebra and f is a mapping from B into 
C, then f is said to preserve a sum & of B whenever f(Z) is a sum of C and 
f(V 2) = V f(%). If f is a homomorphism from B into C and if f preserves 
every sum of B, then f is called a complete homomorphism. Suppose C is a 
subalgebra of B and = is a sum of C. Then B is said to preserve the sum 2 
if the inclusion mapping of C into B preserves the sum 2. 





Received June 16, 1960. 











TRANSFORMATION ALGEBRAS 603 


Suppose B is a Boolean algebra and V is a set of valuations of B. The smallest 
topology on B which makes every valuation in V continuous (the topology 
on O is the discrete one) will be referred to as the V-topology or the topology 
induced by V. With the V-topology B becomes a bounded topological Boolean 
algebra, that is, B viewed as a group under + is a bounded topological group; 
moreover, the Boolean operations are uniformly continuous. If the V-topology 
is Hausdorff, the topological completion B of B is a compact Hausdorff topo- 
logical Boolean algebra, and B is isomorphic and homeomorphic to the Boolean 
algebra of all subsets of V, the topology on B being induced by the set of all 
complete valuations of B. A set V of valuations of B is said to be separating 
(on B) if for every p in B distinct from 0, there is a valuation v in V so that 
v(p) = 1. The V-topology is Hausdorff if and only if V is separating. All the 
results just stated are easy to establish, and, for that reason, we omit the 
proofs. For more details concerning bounded topological Boolean algebras, 
see (6). We conclude this section by stating a known result. 


(0.1) Lemma. (9) Jf B is a Boolean algebra, then there exists a unique complete 
Boolean algebra A so that B is a subalgebra of A, A preserves every sum of B, and 
for every element p in A, there exists a subset = of B, so that p = V =. Moreover, 
if C is a complete Boolean algebra and f is a complete homomorphism from B 
into C, then f has a unique extension to a complete homomorphism from A into C. 


1. Elementary theory. We begin with the definition of a transformation 
algebra; it was first formulated by Halmos. A transformation algebra is a triple 
(B, I, S) where B is a Boolean algebra, J a set, and S a mapping from trans- 
formations rt on J to endomorphisms S(r) of B so that 


(S;) S(6) is the identity endomorphism if 6 is the identity on J; 


(S2) S(ro) = S(r)S(c) whenever 7 and o are transformations on J. As in 
the polyadic case, we shall often commit the solecism of identifying (B, J, S) 
with B and we shall also say that B is an J-algebra. It is clear that, if 
(B, I, S,3) is a polyadic algebra, then (B, J, .S) is a transformation algebra. 
For that reason, we shall simply say that a polyadic algebra is a transformation 
algebra. However, in general, the converse is not true. The elementary algebraic 
theory for transformation algebras is straightforward and very similar to that 
of polyadic algebras. In the sequel we shall use expressions like transformation 
subalgebras, transformation homomorphisms, transformation ideals, and the 
like without explicit reference. Their meaning is clear. The degree of (B, J, S) 
is the cardinality of J. The concept of independence is formulated as follows: 
if p€ B and J is a subset of J, then is said to be independent of J, if, for all 
transformations + on J with ri = i for i in J — J, S(r)p = p. A subset K 
of J is said to be a support for p if p is independent of J — K. It is true, as in 
the polyadic case, that if p € B, K isa support for p and r is a transformation 
on J, then r(K) supports S(r)p. It is easy to see that if B happens to be a 
polyadic algebra, then the concept of support as defined above coincides with 
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the concept of support as defined in (2). If every element in B has finite 
support, then B is said to be locally finite. If C is a Boolean algebra and X 
a set, then a C-valued functional transformation algebra over X is defined as 
in the polyadic case, except that no mention is made of quantification. We 
shall also make use of this concept without explicit reference. 


(1.1) THEOREM. Every transformation algebra is isomorphic to a functional 
transformation algebra. 


Proof. Let A be the transformation algebra of all functions from J’ into B 
and define a mapping f from B into A by (fp)(r) = S(r)p (remember that 
a transformation on J is an element of J‘ and conversely). It is easy to check 
that f is actually a transformation isomorphism of B into A. 


(1.2) COROLLARY. Any transformation algebra can be embedded in a polyadic 
algebra. 


Proof. Because of (1.1), it suffices to prove the corollary for a functional 
transformation algebra. If B is a C-valued functional transformation algebra 
over a set X, let C be a complete Boolean algebra containing C and let A 
be the polyadic algebra of all functions from X‘ into C. Then A is clearly a 
polyadic extension of B. 

Suppose B is a transformation J-algebra. If i is a variable, p an element of 
B, then the set of all elements of B of the form S(j/i)p for some j in J shall be 
called an existential subset of B, and it shall be denoted by (ji, p); if 2(i, p) 
has a supremum in B, it shall be called an existential sum of B. Note that what 
is called an existential subset here was called a totally existential subset in 
(5). A valuation v of B will be called an existential valuation if it preserves 
every existential sum of B. The relevance of the concept of existential subset 
is shown by the following results. 


(1.3) Lemma. Suppose (A, I, S, 3) is a locally finite polyadic algebra of 
infinite degree. If Io is an infinite subset of I, i a variable in I, and p an element 
of A, then 


3(a)p = ViS(Gj/d)p :7 © Io}. 

Proof. lf i is in Io, fix the variables in J — Io, and apply (2, 10.5). If i is 
not in Io, choose k in I so that p is independent of k. Since S(j/k)S(k/i)p 
= S(j/i)p for all j in Io, it follows that V{S(j/i)p ;7 © Io} = A(R) S(R/i)p 
= 4(i)p. This completes the proof of the Lemma. 


It follows from (1.3) that if Z(i,p) is an existential subset of A, then 
Y(i,p) is a sum and J(2)p is the supremum of (i, p). It follows also 
that a transformation isomorphism from A onto another polyadic algebra is 
necessarily a polyadic isomorphism. In particular, this implies that if a trans- 
formation algebra can be made into a polyadic algebra, then this can be done 
jn only one way. 
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(1.4) Lema. If r is a transformation on I so that r(1) is infinite, then S(r) 
preserves the existential sums of A; if r(I) = I, and if = is an existential sum 
of A, then S(r)(2) is an existential sum of A. 


Proof. Let r(I) = Io and let 2(i, p) be an existential sum of A. Suppose a is 
a finite transformation on J so that o agree with 7 on a finite support J of p, 
and let k be a variable so that o'k = {k} and & is not in r(J). Then 
S(r) 3p = S(o) 3) p = B(R)S(o)S(R/i)p = V {S(j/Rk)S(o)S(R/i)p: 7 € Io} = 
V {S(r)S(j/1)p : 7 € I}. Since 9(i)p is the supremum of Z(i, p), it follows 
that S(r) preserves 2(i, p). This proves the first part of the Lemma. The 
second part is immediate. 


The following theorem is more or less the converse of (1.4). 


(1.5) THEOREM. Suppose (B,I,S) is a locally finite transformation algebra 
of infinite degree. If every existential subset of B is a sum and if S(r) preserves 
the existential sums whenever r(I) = I, then there is a unique mapping 3 from 
subsets of I to quantifiers of B so that (B, I, S, 3) is a polyadic algebra. 


Proof. Let A be the transformation algebra of all finite dimensional functions 
from J’ into B. Define a mapping f from B into A by (fp)(r) = S(r)p for 
every transformation r on J and every p in B. Let B = f(B). Clearly f isa 
transformation isomorphism. Since uniqueness of the quantifier mapping 
j is an immediate consequence of (1.3), to complete the proof it suffices to 
show that B is a functional polyadic algebra. For that purpose, let p in B, 
tin I, g = V X(t, p), and o and 7 transformations on J so that r(J) = J 
and o = r mod (J — J) where J is a finite support for both p and g, and 
1€ J. Then (fgq)(c) = S(o)qg = S(r)qg = V{S(r)S(j/i)p: 7 € TD} = V{S(xr)p: 
x =tmodi} = V {(fp)(x): e = ¢ modi} = (9(1)fp)(c) which shows that 
3(i) is defined on B and therefore, since B is locally finite 9(J) is defined for 
every subset J of J. It follows that B is a functional, polyadic algebra. This 
completes the proof of the theorem. 


We close this section by observing that if B has an equality (see § 3), 
then the hypothesis, in the preceding theorem, that S(r) preserves the existen- 
tial sums whenever r(J) = J can be removed. The results of § 3 will clearly 
indicate that this hypothesis is necessarily satisfied in the presence of an 
equality. 


2. Polyadic completions of a transformation algebra. The purpose 
of this section is to study the different ways of extending a transformation 
algebra to a polyadic algebra. We begin with two Lemmas. 


(2.1) Lemma. Suppose A is a locally finite polyadic I-algebra of infinite 
degree. If A has cardinality less than or equal to that of I, and if V is the set of 
all existential valuations of A, then V is separating on A. 
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Proof. Because of semi-simplicity, it suffices to prove the lemma in the case 
where A is simple. In view of the cardinality assumption and of the representa- 
tion theorem for polyadic algebras, we may in turn assume that A is an 
O-valued algebra over X where X has cardinality less than or equal to that 
of J. Choose g in A so that g # 0. Choose x in X’ so that x(J) = X and so 
that g(x) = 1. Define a valuation v of A by vp = p(x) for all p in A; clearly 
vg = 1. It isa straightforward matter to check that v is an existential valuation 
of A. This shows that V is separating on A. 

We make the observation that (2.1) is false if the cardinality assumption 
is removed. Indeed, let A be the algebra of all finite dimensional functions 
from X/ into O where I is countably infinite and X has cardinality greater 
than that of the continuum. Suppose v is an existential valuation of A. Let 
A be the algebra of all finite dimensional functions from J‘ into O and define 
a mapping f from A into A by fp(r) = vS(r)p. Then f is an isomorphism into 
A which is a contradiction since A and f(A) have different cardinalities. This 
shows that A has no existential valuation. 


(2.2) LEMMA. Suppose A is a locally finite polyadic algebra of infinite degree 
and B is a transformation subalgebra which generates A polyadically. If V is a 
set of existential valuations of A, and if A is topologized with the V-topology, 
then B is dense in A. 


Proof. Clearly, we may assume that V contains all existential valuations 
of A. In view of (1.4), it follows that S(r) is continuous whenever rf is a trans- 
formation on J so that r(J) = J. Denote by B the closure of B; then B is a 
transformation subalgebra. To see that B = A, it suffices to prove that B 
is a polyadic subalgebra. For that purpose, let » in B and i in J. For each 
finite subset J, let py = V {S(j/1)p : 7 © J}. Because every valuation in V 
preserves the existential sums, it follows that the net {p, : J € D} converges 
to 3(z)p where D is the directed set of all finite subsets of J, the ordering on 
D being set-theoretical inclusion. Hence 3(i)p belongs to B which shows 
that B = A. 

If B is a transformation algebra, then a polyadic completion of B is a pair 
(A, h) where A is a polyadic algebra and A a transformation homomorphism 
from B into A such that 4(B) generates A; (A, h) shall be called faithful if h 
is a transformation monomorphism. When no confusion is liable to arise, 
A itself shall be called a polyadic completion of B. We shall give now, under 
suitable hypotheses, a complete classification of all possible polyadic comple- 
tions of a given locally finite transformation algebra of infinite degree. 


For the remainder of this section, (B, J, S) shall be a fixed locally finite 
transformation algebra of infinite degree. 

Suppose (A;,, 4;) and (A2, hz) are polyadic completions of B. Then a homo- 
morphism from (A,, hy) onto (Ag, hz) is a polyadic homomorphism f from A; 
onto A» such that fh; = he; if f is an isomorphism, then (A,, f;) and (Ag, he) 
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are said to be isomorphic. We are now ready to prove the main theorem of this 
section concerning the existence of polyadic completions. 


(2.3) THEOREM. Suppose V is a non-empty set of valuations of B. Then there 
exists a unique (up to isomorphism) polyadic completion (A, h) of B having the 


following two properties: 


(2.4) for every v in V, there is a (necessarily unique) existential valuation b 
of A so that th = v; 


(2.5) for every p in A distinct from 0, there is a valuation v in V and a trans- 
formation rt on I so that 0S(r)p = 1. 


(A, h) shall be called the polyadic completion (of B) with respect to V or 
else the V-polyadic completion (of B). 


Proof. Let V be the set of all valuations of B of the form vS(r) where v 
is in V and ¢ is a transformation on J so that r(J) = J. Assume first that V 
is separating on B. Topologize B with the V-topology and let B be the topo- 
logical completion of B; then B is actually isomorphic and homeomorphic 
with the Boolean algebra of all subsets of 7, the topology on B being induced 
by the set of all complete valuations. If 7 is a transformation on J so that 
7(J) = I, then S(r) is uniformly continuous on B and therefore S(r) has a 
unique extension to a complete endomorphism S(r) of B. Let A* be the set 
of all » in B for which there is a finite subset J of J so that S(r)p = S(o)p 
whenever 7r(J) = o(J) = I and r = ao mod (J — J); then A®* is a Boolean 
algebra. It is easy to see that there is a unique way of extending S to all 
transformations on J so that (A*, J, 8) becomes a locally finite transformation 
algebra. Moreover, if p is in A*, i in J, and g = V {8(j/i)p: j € I} where 
the supremum is taken in B, then q is in A*. This follows from the fact that 
S(r) is a complete endomorphism of B whenever r(J) = J. It follows from 
(1.5) that there is a unique quantifier mapping 9 so that (A*,/,8,]) is 
a polyadic algebra. Let A be the polyadic subalgebra generated by B; if h 
is the identity on B, then (A, ’) is a polyadic completion of B having the 
properties (2.4) and (2.5). In the general case, that is, when V is not necessarily 
separating, let M be the set-theoretical intersection of all ideals of the form 
v(0) where v € V. Let B = B/M and let h be the natural projection from B 
onto B. Since M is a transformation ideal, h is a transformation homomor- 
phism. Let W be the set of all valuations of B so that » € W if and only if 
there is 6 in V such that dp = vhp for every p in B. If r is a transformation 
on J so that r(J) = I, and if vis in W, then vS(r) isin W. Clearly W is separat- 
ing on B. We are then reduced to the first case which concludes the proof as 
far as existence is concerned. Uniqueness follows from (2.2) together with the 
fact that if (A, A) is a polyadic completion satisfying (2.4) and (2.5), then 
hk(0) = M. 


(2.6) THEeorem. Jf B has cardinality less than or equal to that of I, then any 
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polyadic completion of B is the polyadic completion of B with respect to some set 
of valuations. 


Proof. Suppose (A, h) is a polyadic completion of B. Let V be the set of all 
existential valuations of A. Let V be the set of all valuations of B of the form 
vh where v € V. Since B has cardinality less than or equal to that of J, A has 
also the same property. By (2.1), (A, 4) satisfies (2.4) and (2.5). By uniqueness, 
(A, h) is the polyadic completion of B with respect to V. 

The following theorem describes the main properties of the polyadic com- 
pletions of B. 


(2.7) THEoreEM. If V; and V2 are sets of valuations of B so that V2 is a subset 
of Vi, then the V2-polyadic completion is a quotient of the V,-polyadic completion; 
if (A, h) is the V-polyadic completion, then (A, h) is faithful if and only if V 
is separating where V is the set of all valuations of the form vS(r) with v in V 
and r a transformation on I so that r(I) = I; if B has cardinality less than or 
equal to that of I, then a polyadic completion of B is simple if and only if it is the 
polyadic completion with respect to a single valuation. 


Proof. The proot of the first part follows easily from a continuity argument. 
The proof of the second part consists in a straightforward verification. To 
prove the third part, suppose (A,h) is the polyadic completion of B with 
respect to a single valuation. It follows from (2.5) that A cannot contain 
closed elements distinct from 0 and 1. Therefore, A is simple. Conversely, 
suppose A is simple. Since A has also a cardinality less than or equal to that 
of I, by (2.1), we can assert that there is at least one existential valuation i 
of A. Let v be a valuation of B defined by v = th. Then (A, A) satisfies (2.4) 
and (2.5) with respect to v. By uniqueness, it follows that (A,A) is the 
polyadic completion with respect to v. This completes the proof of the theorem. 


3. Equality transformation algebras. If B is a locally finite transforma- 
tion algebra of infinite degree, then a predicate of B is defined as in (3). An 
equality for B is a reflexive and substitutive binary predicate of B. An equality 
E for B is necessarily symmetric and transitive. Moreover, p A E(i, j) 
= S(j/i)p A Eli, 7) = S(i,j)p A Ei, 7) whenever i and j are variables and 
pb © B. The proof of these elementary facts goes exactly as in the polyadic 
case (treated in (4), §2)) without any change. 

For the remainder of this section, (B, J, S) shall be a fixed locally finite 
transformation algebra of infinite degree with an equality E. 

Suppose (A, h) is a polyadic completion of B and suppose moreover that 
> is a sum of B; (A, A) is said to preserve = if h preserves. The main purpose 
of this section is to show that there exists one and only one faithful polyadic 
completion of B which preserves every sum of B. From this result follows an 
interesting refinement of (1.1) (see 3.4). We first prove two Lemmas. 
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(3.1) Lemma. Jf (A, h) is a polyadic completion of B, then hE is an equality 


for A. 


Proof. What is meant here is that, if F(i,7) = AE(1,7) for all variables 
i and j, then F is an equality for A. Clearly, we may assume that A is faithful 
and that h is the identity endomorphism of B onto B. Let Ao be the set of all 
pin A so that p A E(t, 7) = S(j/i)p A Ei, j) whenever i and j are variables. 
Since Ao is a polyadic subalgebra of A and since A,» contains B, it follows that 
Ayo = A. This completes the proof of the Lemma. 


(3.2) Lemma. If r is a finite transformation on I, then S(r) is a complete 
endomorphism of B. 


Proof. lf r is a transposition, then S(r) is an automorphism of B and hence 
S(r) preserves the sums of B. Therefore, since every finite transformation is 
a finite product of transpositions and replacements, it suffices to prove the 
Lemma for the case, where r = (j/i) and j # 1. Let = be a sum of B and let 
bo = V =. Suppose g is an element in B so that S(j/i)p < q for all p in &. 
We are to show that S(j/i)po < g. For that purpose, let k be a variable 
distinct from i and j and so that p and g are independent of k. Since S(j/1)p 
is independent of i for all p, we have S(j/i)p < S(k/i)q for all p in &. But 
b A Ei, 7) < S(j/1)p for all p in = which implies that p A E(t, 7) < S(k/t)¢ 
for all p in &. It follows that po A E(t, 7) < S(k/t)g. Applying S(j/1) to 
both sides of the last inequality, we get S(j/1)po < S(&/i)g. It follows that 
S(i/k)S(j/i)po < S(i/k)S(k/i)g = gq. But since S(t/k)S(j/1)po = S(j/1)po, it 
follows finally that S(j/1)po < g. This shows that S(j/7) preserves the sum 2%. 

We make the observation that the preceding lemma is false for polyadic 
algebras with no equality and a fortiori for transformation algebras with no 
equality. Counterexamples can be furnished. We are now ready to prove the 
main result of this section. 


(3.3) THEOREM. There exists a unique (up to isomorphism) faithful polyadic 
completion of B which preserves every sum of B. 


Proof. Let B be the McNeille completion of B (see 0.1), and let A be the 
polyadic algebra of all finite dimensional functions from J’ into B. Define a 
mapping 4 from B into A by (hp)(r) = S(r)p for all p in B and all ¢ in J’. 
The mapping / is a transformation isomorphism from B into A. Let A be 
the polyadic subalgebra of A generated by h(B). Clearly, (A, A) is a faithful 
polyadic completion of B. Using (3.2), and using the fact that an element of A 
is completely determined by its values on finite transformations, it is easy to 
see that (A, h) preserves the sums of B. This proves existence. Uniqueness 
follows from (0.1) and (3.2). 


The polyadic completion (A, h) given by the preceding theorem shall be 
referred to as the McNeille polyadic completion of B. 
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We conclude this section by giving an application of (3.3). First, we need 
two definitions. An element p in B is said to be undecidable if p ¥ 0 and if 
there exists an element g in B so that g # 1 and S(r)p < gq for all trans- 
formations r on J. It follows from (2, 10.3) that, if B is a polyadic algebra, 
then ~ is undecidable if and only if 3(J)p # 0 and 9(J)p # 1. Suppose A 
is a locally finite functional transformation algebra of functions from X? 
into a Boolean algebra C. The functional transformation algebra A is said to 
be an existential functional (transformation) algebra if, whenever an existential 
sum (i, p) of A has a supremum g in A, then q(x) is the supremum (in C) 
of {p(y) : x = y mod ¢} for all x in X’. Clearly, if A is a functional polyadic 
algebra, then A is necessarily an existential functional algebra. The following 
theorem is a direct generalization of the representation theorem for locally 
finite polyadic algebras of infinite degree. 


(3.4) THEOREM. The transformation algebra B is isomorphic to an existential 
functional transformation algebra; B is isomorphic to an O-valued existential 
functional transformation algebra if and only if B has no undecidable elements. 


Proof. The first part of the theorem follows immediately from (2, 10.9) 
and (3.3). To prove the second part, in view of (2, 17.3), it suffices to prove 
that the McNeille polyadic completion A of B is simple if and only if B has 
no undecidable element. This follows easily from (2, 10.3) and (0.1). 


4. Terms and operations in transformation algebras. With the results 
so far obtained, it is now possible to develop the theory of terms and operations 
in transformation algebras, at least in the case where an equality is present. 
The purpose of this section is to show how most definitions and results of (3) 
can be generalized to locally finite equality transformation algebras of infinite 
degree. 

Throughout this section (B, J, S) shall be a fixed locally finite transforma- 
tion algebra of infinite degree with an equality E. 

We begin by stating the definition of a J-constant of B where J is a finite 
subset of J. A J-constant of B is a mapping c that associates with each subset 
K of I — J an endomorphism S(c/K) of B so that: 

(7;) if @ is the empty subset of J, then S(c/¢) is the identity on B; 

(T:) S(c/H U K) = S(c/H)S(c/K) whenever H and K are subsets of J — J; 

(T3) JU (L — K) supports S(c/K)p whenever K is a subset of J — J and 
L supports p; 

(T,) S(c/K)p = S(c/K (\ L)p whenever K is a subset of J — J and L is 
a support for p; 

(Ts) S(c/K)S(r) = S(r)S(c/r-'K) whenever K is a subset of J — J and r 
is a transformation that lives on J — J. 

A constant of B is a $-constant where ¢ is the empty set. If B is a polyadic 
algebra, then a J-constant of B as defined in (3) is a J-constant in the preceding 
sense; this follows from (3, (5.1) and (5.2)). The results of this section will 
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imply that the converse is also true (see (4.2)). Now that we have the definition 
of a J-constant, the definition of a J-term goes exactly as in the polyadic case. 
Namely, a J-term of B is a mapping ¢ that associates with every subset K of J 
a Boolean endomorphism S(t/K) of B, so that the restriction of t to subsets 
of J — J isa J-constant of B, and so that S(t/K)p = S(t/cK)S(c)p whenever 
p is an element of B with finite support L, K is a finite subset of J and ¢ 
is a transformation of type (K, LU J). 

If ¢ is a J-constant and i a variable, we define E(i,c) by E(i, c) 
= S(c/k)E(i, k) where k # i and k isin J — J. Using 7; and 7s, it is easy to 
see that E(i, c) is unambiguously defined, that is, independent of the choice 
of k. We define E(c,i) in a similar manner and clearly E(i,c) = E(e, i). 
Note that S(c/1)E(i,c) = 1 and S(j/i)E(i, c) = E(j,c) whenever i and j 
are variables not in J. We are now ready to prove the main result concerning 
J-constants. 

(4.1) THEOREM. Suppose c is a J-constant and suppose i is a variable not in 
J. If q = E(t, c), then, for all p in B, X(i, p A q) ts an existential sum and 
S(c/i)p = V=I(t,p Aq). 

Proof. Let p be a fixed element of B. We first show that if j is any variable, 
then S(j/t)(p A g) < S(c/t)p. Assume first 7 distinct from 7 and not in J. 
The required inequality follows then by applying S(c/1) to both sides of the 
inequality S(j/i)p A E(i,j) < p. In the general case, choose a variable k 
distinct from 7, not in J, and so that p, g, and S(c/i)p are independent of k. 
The required inequality follows then by applying S(j/k) to both sides of the 
inequality S(k/i)(p A gq) < S(c/t)p. To complete the proof, it suffices to 
show that if » is an element of B so that S(j/t)(p A g) < po for all variables j, 
then S(c/i)p < po. To prove that, select a variable j not in J and so that p 
and f» are independent of j. If we apply S(c/j) to both sides of the inequality 
S(j/i)p A Ej, co) < po, we get S(c/j)S(j/1)p < S(c/j)po = po. Since 
S(c/j)S(j/)p = S(c/i)p, we have finally S(c/1)p < po. This completes the 
proof of the theorem. 

(4.2) Coro.Liary. Jf B is a polyadic algebra, then a J-constant as defined 
above is a J-constant as defined in (3). 

Proof. This follows from the preceding theorem together with (1.3) and 
from the fact that if c is a J-constant (as defined in (3)), then S(c/i)p 
= 3(2)(p A E(i, c)) for all p in B and all variables 7 not in J. 

Our next task is to establish the exact relationship between /J-constants of 
B and J-constants of the polyadic completions of B. If (A, 4) is a polyadic 
completion of B and c is a J-constant of B, then A will be said to preserve c 
if there exists a (necessarily unique) J-constant @ of A so that hS(c/K)p 
= S$(¢/K)hp whenever K is a subset of J — J and p belongs to B. 

(4.3) THEOREM. Suppose c is a J-constant of B,iavariable not in J,q = E(i,c), 
and (A,h) a polyadic completion of B. Then A preserves c uf and only if A 
preserves the existential sum 2(i, q). 
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Proof. First note that, by (4.1), the supremum (in B) of 2(7, qg) is 1. Assume 
first that A preserves c. Let Z be the unique J-constant of A so that AS(c/K)p 
= S(¢/K)hp for all p in B and all subsets K of I — J. By (3.1), AE is an 
equality for A; let hE = E and let g = E(i,c). By (4.1), the supremum 
(in A) of Z(4,G) is 1. Since AS(j/t)¢g = S(j/1)g for all 7 in J, we conclude 
that A (and therefore A) preserves 2(7i, g). Conversely, suppose A preserves 
the sum 2(i,q). Let g = hE(i,c). It is easy to verify that 9!(7)¢ = 1. By 
(4, (9.1)), there exists a unique J-constant Z of A so that S(@/i)g = 1. Since 
S(é/i)hp = 3(a) (hp A Q) for all p in B, it follows from (1.3) and (4.1) that 
S(Eé/i)hp < hS(c/i)p for all » in B which implies that S(Z/i)hp = hS(c/i)p 
for all p in B. Therefore A preserves c. This completes the proof of the theorem. 


If (A, A) is the polyadic completion with respect to a set V of valuations of 
B, it can be shown that A preserves c if and only if every valuation in 7 
preserves the sum (1, q) where V is the set of all valuations of the form 
vS(r) with v € V and with r(J) = J. 

With these theorems at our disposal the theory of J-constants in B can now 
be reduced to the theory of J-constants in polyadic algebras. Indeed, let A 
be the McNeille polyadic completion of B; we may assume that B is a sub- 
algebra of A. Since A preserves the sums of B, it follows by (4.3) that a 
J-constant of B has a unique extension to a J-constant of A. Therefore, if c 
is a J-constant of B, by (3, (6.7)), there exists a unique J-term ¢ of A so that 
S(c/K)p = S(t/K)p whenever » € B and K is a subset of J — J. By (3, 
(4.1) ), S(t/K) sends B into B for all subsets K of J; it follows that a J-constant 
of B has a unique extension to a J-term of B. If ¢ is a term of B and + isa 
transformation on J, then the transform rt of t by 7 is a term of A (here, we 
identify ¢ with its unique extension to a term of A), and by (3, (11.6)) rt is 
also a term of B (or more precisely, the restriction of rt to B is a term of B). 
Similarly, if s and ¢ are terms of B and K is a subset of J, then the result 
(s/K)t of replacing the variables of K in ¢ by s is a term of B (see (3, (13.2))). 
An operation of B is then defined as it is defined by (3, (12.3)). We conclude 
by making the remark that all the definitions and results in (3) concerning 
terms and operations in polyadic algebras are valid in (locally finite) equality 
transformation algebras (of infinite degree) as long as no essential use of 
quantification is made. 


Errata. The results of this paper were announced in (6) and (7); the results 
announced in (5) combined with those of the present paper lead to some 
applications given in (8). The purpose of this section is to correct an error 
that appeared in two different forms in (6) and (7). The first correction 
concerns Theorem VI of (6): add to the statement of that theorem the hypo- 
thesis that A has cardinality less than or equal to that of J. The second 
correction concerns Theorem II of (7): add to the statement of that theorem 
the hypothesis that B has cardinality less than or equal to that of J. 
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ANTICOMMUTING LINEAR TRANSFORMATIONS 
H. KESTELMAN 


1. It is well known that any set of four anticommuting involutions (see § 2) 
in a four-dimensional vector space can be represented by the Dirac matrices 


_ ft *) - (° Bs.) x (° Bu.) : » Bi.) 
(1) Beo = ‘ il » Bor = By , Bo» = B, 0 , Bas = B, 0 


where the B, , are the Pauli matrices 


uit °) “C4 -{ °}) 
(2) Bio = (2 nn ’ Bin _ (° 0 ’ Bi. = 1 afl 0 . 


(See (1) for a general exposition with applications to Quantum Mechanics.) 
One formulation, which we shall call the Dirac-Pauli theorem (2; 3; 1), is 


THEOREM 1. Jf M,, M2, M3, Mg are 4 X 4 matrices satisfying 
M,M, + M,M, = 26,;,l4 (7, s = 1, 2, 3, 4), 
then there is a matrix T such that 
T-'M,T = Bz,,-1 (l<r<¢4), 
and T is unique apart from an arbitrary numerical multiplier. 


Various proofs of this theorem are known; those due to Van der Waerden 
(4) and Pauli (2; 1) depend on ideas belonging to representation theory; the 
most elementary proof (ignoring the uniqueness of 7) is given by Dirac (2). 

Eddington has shown (5) that a set of anticommuting 4 X 4 involution 
matrices cannot include more than five members, and this was extended by 
Newman (6) to involution matrices of arbitrary order. This had been investi- 
gated earlier by Hurwitz (7). 

In this note we give a completely elementary proof of Theorem 1 (on the 
lines of Dirac’s proof), giving an explicit calculation of T (Theorem 5 and 
corollary) ; the generalization of Theorem 1 to linear transformations of spaces 
of dimension 2* is given in Theorem 7. In Theorem 2 we prove a generalization 
of the Eddington-Newman result in which the restriction to involution 
matrices is removed. 


2. Notation. If V is an n-dimensional vector space, we write d(V) = n, 
and if LZ is a linear transformation (L.T.) of V into itself we write d(L) = n. 
If M is an m X nm matrix, we write d(M) = n; the transpose of M is denoted 
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by M’. The identity mapping in V is denoted by 1 or 1,, and the same symbols 
are used to denote the unit matrix. 

If \ is an eigenvalue of L, G,(L) denotes the space spanned by the eigen- 
vectors of L belonging to X. L is called regular if 0 is not one of its eigenvalues. 
A subset S of V is said to be stable for L if L(S) C S. If d(V) = n, any ordered 
set {81, 82,...,8,} which span V is called a basis of V; if B denotes this 
basis and c is a non-zero complex number then cB denotes the basis {c8;, cB, 
. . » » CB}. We say the matrix M represents the linear transformation L in 8 if 


M = (m,,) where LB, = } M,,B, (l<s<n); 


r=1 
this is denoted by L ~ M or by L~ M (in 9%) if the basis is to be made 
explicit. Plainly if L ~ M (in B) then L ~ M (in c). 
L is called an involution if L? = 1 and L # +1; the involution matrix 
diag.(1,, — 1,) is denoted by J2,. ZL; and Lz are said to anticommute if 
L,L2 =l LoL). 


3. It will be convenient to list some elementary properties of matrices and 
L.T.’s: it is assumed throughout that the spaces are of finite dimensions; 
most of the proofs are omitted. 

(i) If d(M) = 2n then M anticommutes with J., if and only if 


M= e 0) with d(P) = d(Q) = n, 


and M is then an involution if and only if PQ = 1,, that is, 


0 ry; 
u-(° » ji 


anticommute if and only if X-'Y = — Y~'X. If Ly, Le,..., Le, are anti- 
commuting involutions then 


i*L Le see Lg 
is an involution which anticommutes with each of L;, Le, ..., Le,; (the pro- 


duct of an odd set, three or more, will commute with the factors). 


(ii) If A and B are regular and anticommute then, since 
det(AB) = det(BA) (— 1)™, 


and since these determinants are not zero, d(A) must be even. 


(iii) If Z is an involution in V then for every x in V 


(1+LZ)x€ & (LZ), (1 —L)x € €,(L), 2x = (14+ L)x + (1 — L)x, 
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and so V is the direct suin of €,(L) and €_,(L); in any basis formed by uniting 

a basis of €,(L) and a basis of €_,(L), L ~ diag.(1,, — 1,) for some m, n. 
(iv) The basic simple result, to be used repeatedly, is that if S and T are 

L.T.’s of V, and ST = kTS where k is a non-zero number, and ) is an eigen- 

value of 7, then S maps (7) into G\,(7), and 

(3) S{G(T)} = Gprl(T) 

if S is regular. (The proof is trivial: 7x = \x implies 7(Sx) = k-'S(Tx) 

k—)Sx, and if S is regular we have (since S(V) = V with d(V) <@) 

\T = k“'TS—', so that S-' maps G(T) into &,(7).) 

In particular, if an involution L anticommutes with a regular S then 


S{€,(L)} = & :(L) and S{E i(L)} = &,(L), 


= 


and it follows from (iii) that d{€,(L)} = d{€_,(L)} = 4$d(L), and that, in 
a suitable basis of V, L ~ Ia, (nm = $d(L)). 

(v) If S; and S, both anticommute with 7, then S;S; commutes with 7, 
and so (by (iv)) every eigenspace of T is stable for S,S». In particular, if 
S;, Se, S; are anticommuting involutions then 


(4) tS2S; is an involution which maps €,(S;) onto itself (r = + 1), 


(this depends on (i) and (3)). 


4. The following generalizes the Eddington-Newman result. 


THEOREM 2. Suppose Ly, Lo,..., Lx are regular anticommuting L.T.’s of 
V; then 2* is a divisor of d(V). 


Proof. For k = 1 we appeal to §3 (ii). Now suppose, if possible, that the 
theorem is true for k = 1,...,K — 1 but false for k = K. This means that 
there is a space W in which there are 2K regular anticommuting L.T.’s whereas 
2* is not a divisor of d(W). We prove that this leads to a contradiction. 

Let A be the least value which d(W) can have in the conditions postulated, 
and suppose W chosen so that d(W) = A. Let ©, be an eigenspace of L,; by 
§3(v), G is stable for LoL, (3 < s < 2K), and the LoL, anticommute in 
€,; hence, by the induction hypothesis, 2“—'|d(@,). Since L,(G) = 4, for 
l <r < 2K by (3), the direct sum of © and @_, is stable for all these L,; 
thus, in a suitable basis of W, 


> 
(5) L,~ (4. , ) where d(M,) = 2d(G), 


which means d(M,) is divisible by 2™ while d(L,) is not. Hence d(A,) is 
positive and not divisible by 2". But, by (5) and the assumption on the L,, 
the A, are regular and they anticommute; thus d(A,) > A = d(L,), which 
contradicts d(M,) > 0. 

It is shown by Newman (6) that if d(V) = 2" then there is a set of 2 + 1 





re 
n- 


x) 
>) 
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anticommuting involutions in V (see also §7 below), but it must not be 
concluded that an arbitrary set of anticommuting involutions in V which 
has fewer than 2m + 1 members is part of a maximal set. Thus, with » = 2, 


B20, Boa, 1Be o Bay 


anticommute, but it is easily verified (using § 3(i)) that an involution which 
anticommutes with the first cannot anticommute with the other two. The 
same is true if the L.T.’s are regular but not involutory; it is easily verified 
(using § 3(i)) for the anticommuting matrices 


1 0 0 90 0 1 0 90 Ss & @ 
0-1 0 0 oo 2c eS “> og | 
S 8 we oF . ¢&-%) a 0 0 O 4 
0 0 O-2 0 0 2 O 0 0-4 O 


M = 
0 0 d 90 


and for this to anticommute with the other two, M must vanish. 


5. By §$3(iii) every involution in two dimensions has 1 as a simple eigenvalue. 


THEOREM 3. Let o; and oz be anticommuting involutions in two dimensions 
and 8, the eigenvector (unique apart from a constant of multiplication) of o, 
belonging to eigenvalue.1. Then, apart from an arbitrary numerical multiplier, 
{81, 72(83)} ts the only basis in which 


0) (* ‘) 
i ~ c 9 ~~ ° 
(6) o1 ( ail and 0 


Proof. Any basis in which (6) holds must have 8; (or a numerical multiple 
of it) for its first member, and for o2 to have the matrix assigned in (6) the 
second member of the basis must be o2(8,). Conversely, if 82 is defined as 
o2(8;), then B2 € €_1(0;) by § 3(iv), and o2(B2) = o27(8,) = Bi; hence (6) is 
valid in the basis {8;, Be}. 


THEOREM 4. Suppose a; and oe are anticommuting involutions in a two- 
dimensional space; then, the only regular L.T.’s which anticommute with o; 
and a are the numerical multiples of o,02 and of these the only involutions are 
+ 10302. 


Proof. By Theorem 3, we may choose a basis so that (6) holds. A matrix 
M which anticommutes with the first in (6) has the form 


e P) 
q 0 
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by §3(i), and this anticommutes with the second if and only if p = — q, 


that is, 


_ (1 o\(0 ‘) 
u = of _2)(' yes 


M is involutory if and only if p? = — 1. 

It is a consequence of Theorem 3 and § 3(iv) that if o; and a2 are anti- 
commuting involutions in a space V with d(V) = 2m then V is the direct 
sum of m two-dimensional spaces each stable for o; and o2; in a suitable basis 
of V 
(8) o, ™ diag. (B, --1, Bi,7-1,... » Bi.) (ry = I, 2). 


This follows from § 3(iv) whereby if {8), 83,..., B21} is a basis of €,(¢;) 
and 82, = o2(82,;_1), then 62,_,; and 82, span a space stable for o; and a2, and 
(8) will hold in the basis {8;, Bs... , Ban—1, Ban}. 

We now prove the Dirac-Pauli theorem (this is generalized in § 7). 


THEOREM 5. Let Lo, Li, Le, L3 be anticommuting involutions in the four- 
dimensional space V; then there is a unique basis (apart from a numerical multi- 
plier) such that L, ~ Bz, (r = 0,1, 2,3), the Be, being defined by (1). 


Proof. Since 


1 0 0 0) 0 0 1 0) 
Bao=10 1 0 Ol, Bar=l|0 0 0-1], 


Be,» - Bos =1 ‘ 





we have 


i 0 0 o0\ 0 1 0 0) 
S=3 8 € 1 0 0 0 
3 5 9 35 3, => < 3» 39 = 
1B22Be3=1q g 1 gf and 1B2sB2.1 0 0 0 I} 
0 0 o-1/ ae a 
and hence the basic vectors e, = (5,1, 5,2, 5,3, 4-4) are completely characterized 


in terms of the B, , as follows: 


(a) e; is the non-zero vector (unique apart from a numerical multiplier), 
which is common to €,(Bso) and €,(iBz 2B 3), 


(b) eS = iBs 3B2 11, 63 = Be 1é1, «= — B, 1¢2 = 1Be 3). 


Thus, it is enough to show that (apart from a numerical multiplier) 





th 
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(a’) there is just one non-zero x in ©,(Lo) which satisfies iL2l3x = x, and 
that if 8; is such an x, and we define 


(b’) Be = iLsL Ai, Bs = L181, Bs = 1L 38; == L182, 


then {81, Bs, Bs, 84} is a basis of V in which L, ~ Bz, (0 < r < 3). Now by 
§3(v) €,(Le) is stable for 7L2L;3 and for iL;L,, and these involutions anti- 
commute in €;(L»). Hence, by Theorem 3, (a’) is true, and if 82 iLsL 1A, 
then 


tLeL3(61, Be) = (8,1, — Bo) and tL3L3(83, Bs) (Be, By); 


furthermore, {8, 82} span €,(ZLo), and so 83, 8, may be defined as in (b’), 
and by § 3(iv) {83, 84} span €_;(Lo). Thus, in the basis {8, 82, 83, Bs}, Lo ~ Le 


and by § 3(i) 
0 As 
L~ (0 0 ) (l<r<3). 


It is therefore enough to verify that X, = B,, (l <r <3). For r=1,2 


this follows from (b’) which implies also that L3(81, 82) = (— 184, 11181) 
= (— 18,4, i83); this completes the proof. 


COROLLARY 1. Theorem 1 follows from Theorem 5. If the L, are matrices M, 
(that is, V is the space of number quadruples), then B,, 82, 83, 84 are the columns, 
in order, of a matrix T which satisfies M,T = TB: (0 < r < 3). These columns 
are found explicitly from (a’) and (b’) viz. 


(My — 14)8; = (M2M; + t14)B; 0, 
and 


Be = iM;M,8,, Bs = M18,, Bs 1M 38. 


Coro.iary 2. If J, (0 <r < 3) are anticommuting involutions in V (of 
Theorem 5) then there is a regular L.T., I, of V such that], =I L,T(O<r<3 
TI is unique apart from a numerical multiplier. 


Proof. By Theorem 5 there is a basis 8 in which J, ~ Bz, (0 <r < 3) 
and % is unique apart from a numerical multiplier. If L, ~ M, (in B) then 
(by Corollary 1) there is a matrix 7, unique apart from a numerical multiplier, 
with 7-'M,T = B,. Hence the L.T. T represented by 7 in % is unique (apart 
from a numerical multiplier) in satisfying T-'L,I = J, (O <r < 3). 


Coro._ary 3. A regular L.T. A which anticommutes with all the L, of Theorem 
5 must be a numerical multiple of the involution LoL,LoL;. 


Proof. A has to satisfy AL,A~'= —L, (0 <r < 3); the involution 
LoL,LoL,; certainly does this, and the result now follows from Corollary 2 
with J, = — L,. 
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5.1. To illustrate the corollaries to Theorem 5, we prove that (cf. 3, p. 121) 
if No, Ni, No, N3 are anticommuting 4 X 4 involution matrices, then there 
is a skew-symmetric matrix A such that V, = A“'N,’/A (0 <r < 3); A is 
readily computed. 

Since B,,’ (0 < r < 3) are anticommuting involutions, there is, by Corol- 
lary 1, a matrix T with 


Bi, = TB:,,T~* (0<r< 3), 
and the columns of 7, {8:, 82, 8s, 84}, are found from Be8; = — iBz.Be 38; 
= 8, B82 = — 1B2,3B2181, Bs = BorBi, Bs = — 1Bo 281; these give 8, = e2, 
B2 = — e1, Bs = — &4, Bg = @3, that is 


0-1 0 0 
[- 2,2. % 
, @ 8 a 
0 O-!1 0 


(a) T = 


Since the NV, are anticommuting involutions, one could compute by Corollary 
1 a matrix Q with 


QN,Q-' = B:, (O<r< 3). 
We now have 
QN,Q = (TB:2,,T~')’ = (TQN,Q"T~")’, that is, N, = A~'*N‘A, 
where A, equal to Q’7’Q, is skew-symmetric because T is. 
As a second illustration, we find a formula for all sets of four anticommuting 
4 X 4 involution matrices with are skew-symmetric. This means (by Theorem 
5) finding a formula for all matrices P which satisfy 


PB,,,P™* = — (P~*)'B3,,P’, O<r<3): 


using the illustration above, this means simply that 7-'P’P anticommutes 
with B;,, (0 <r < 3). By Corollary 3 this is equivalent to the statement 
that 7-'P’P is a numerical multiple of 


( 0 i) 

—1l, 0 

which, by (a), means that P’P is a numerical multiple of 
0 0:1 0 


0 
\o —1 0 o/ 


that is, of Bz... Bearing in mind that the eigenvalues of Bz; are + 1 it is 
easy to see that 
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an 
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l 0 l 0 
‘ _10 ] 0 —-!1 

Be, = 4M’'M, where M = . Bt 64 
ee 4 


and hence that P has the form cQM where c is an arbitrary number and Q 
an arbitrary orthogonal matrix (that is, QQ’ = 1,4). Thus the formula 


J, = 2MB, ,M-'2 O0<r<3) 


gives the required sets of involutions. 


5.2. The result corresponding to (8) is as follows: 


THEOREM 6. Suppose Lo, Li, Le, Ls are anticommuting involutions of V and 
d(V) > 4; then V is the direct sum of four-dimensional subspaces each stable 
for all the L,, and in a suitable basis of V 


L, ~ diag.(B2,,, Be,,,..., Be.) O<r«< 3). 


Proof. Write S; for iLeL; and S: for iL3L,. Then, as in the proof of Theorem 
5, €,;(Lo) is the direct sum of two-dimensional spaces, say W;, W2,..., We, 
each of which is stable for S; and Sz as well as for Lo. If W,’ is defined as L,(W,), 
then by § 3(iv), W,’ C €_1(Le) and W,’ is stable for S; and S». Thus the 
direct sum of W, and W,’ is stable for Lo, Z;, S:, and S2; it is therefore 
stable for Lz and L;. It now follows from Theorem 5 that in this subspace 
of V there is a basis in which L, ~ B,,,. Since this holds for 1 < s < q, and 
V is the direct sum of ©,(Lo) and €_,;(Lo), this completes the proof. 


6. If a scalar product is defined in the spaces considered in Theorems 3 and 
5, then the conclusions can be further particularized if the o, and the L, are 
unitary (an involution is unitary if and only if it is hermitean). The modifi- 
cation is that the basis can be chosen orthonormal. This will follow in Theorem 
3 from the fact that €,(¢,) and €_;(¢;) are orthogonal and that if ||8,|| = 1 
then ||82|| = ||o2(8,)|| = 1. In the case of Theorem 5, the S, defined in Theorem 
6 will be unitary if the Z, are unitary, and consequently, as above (A, 82 
can be chosen orthonormal in €,(Zo); it then follows from (b’) in Theorem 5 
that 63; and 6, are orthonormal in €_;(Loe) while the two spaces €,(Zo) and 
€_,(Lo) are orthogonal. Similarly, if the matrices M, in Theorem 1 are her- 
mitean, then 7 can be chosen unitary. Since the B, , are hermitean, it follows 
that the M, are hermitean if and only if there is a unitary matrix U with 
M, = U-'B,,,U (0 <r < 3). 


7. In this section we generalize Theorem 5. Having defined 


1 0 0 1 , { 90 1 
Bio = ( = By = » 2 By = 1B, 0Bia = {_° 1) 
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we now define, inductively, for every positive integer m a set of 2m + 1 
matrices as follows: 


— (1n-10 ) ss + Bert) a 
Bao == (! as Bis : ’ Mes = re 0 (1 . 7 Q on 1), 


Ban = By .oBa.1 cee Ba .2n I. 


By § 3(i) it follows at once that, because the B, , are involutions, the 2” + 1 
involutions B, , anticommute. 


LEMMA. 


' 0 Lon , , 
(9) Ban = i{ oe Oo ), that 1S, By.oBn.1 eee Ba.2n—1Pa,2n = (—i)"Lon. 
Proof. The equivalence of the two statements in (9) follows from the 
definition of B, 2, which gives 2"B, 0B, 1... Ba on = (Bn.»)*1l2. The lemma 


is obvious when m = 1. Suppose g > | and that the lemma has been proved 
for n = q — 1. By the definition of B, »,, 


enstti #(? 0)(0 B, s)(0 Besa) (° Be-1.te-1) 
7" \O -1/\Bz1.0 0 Buia 0 ae 20 


q—1,2¢ 
= () °)( 0 B, 1,0B, ine «4 B, 1,2¢ ) 
a a a ee 0 , 


and by the induction hypothesis this gives 


oF 0 (—i)*"Lee-s { 0 lee-s 
Ben YC, i a, a | 
oe WO — 14-5) ee 0 a 
THEOREM 7. Suppose Lo, Li,..., Leg—1 is a set of 2g anticommuting involu- 
tions in V and d(V) = 2¢; then, defining Lo, = 1*LoLl,... Leg—1, there is a 


basis B in which L, ~ B,,, (0 < r < 2q), and B is unique apart from a numer- 
ical multiplier. The only regular L.T.’s of V which anticommute with Lo, Li, 
..., Legs are the numerical multiples of L2,, and, of these, + Le, are the only 
involutions. 


Proof (by induction on g). Theorems 3 and 4 justify Theorem 7 when 
q = 1. Suppose the theorem is true when g = m > 1 and let Lo, Li, .. . , Longs 
be a set of 2m + 2 anticommuting involutions in V with d(V) = 2"*', 

We first assume that V has a basis 8 in which L, ~ B,4;., (0 < r < 2n+2), 
and show that 9% is essentially unique (that is, that any other basis with the 
same property must be cB). Define 


L* = iL Lone (l<s < 2n +1); 


by § 3(v) the L*, are anticommuting involutions for which €,(Lo) and €_; (Lo) 
are stable; denote by L**, the L.T. of €,(Lo) effected by L*,. The involutions 
L** , anticommute in €;(Lo) which has dimension 2", and so, by the induction 
hypothesis, €,(Zo) has a basis 8; = {81, B2,..., 82} (unique apart from a 
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numerical multiplier) in which L**,~ B,,, (1 <s < 2m). But, in the 
postulated basis 6, Ly ~ J.*, and 


* 9 Bra) { 0 In) (3 0 ) a 
L, 10 A-t20 77" \ Bas tS 5 <a) 


Hence 8), B2,..., 82" are the first 2" members of 8. Since 


{ 0 i) 
Lon+2 nw (_ _ 0 


(in B), it follows now that if B = {8), Bs,..., Bo} then 
B p4-2n = thon+28, (1 < r < 2”), 


and so % is determined completely (apart from a numerical multiplier) by 
a? ee ees 

We now define 8B’ as {B,, iL2n428,;} and proceed to prove that L, ~ B,,;,, 
(in B’) for 0 <r < 2n + 2. Since B, spans €,(Lo) and Loas2(B:) spans 
€_,(Lo) (§ 3(iv)), it follows that in B’ 


i ©€ ( 0 Lx) 
Lo ~ (: ee | Lint2 ™ 1 tnt and 


c.« © 
iL Lone ™ (3 asi 4 (l<s < 2n), 


where the exact form of X, need not concern us. These imply 


Bi _ (Bas 0 )( 0 Ls) 7 ( 0 Bp ', 
L, _— (L,Lons2)Lon+2 — (2 - a= fies 0 = a = 0 9 


and since L, anticommutes with Ly it now follows by § 3(i) that 


0 , 
L.~( _ De Miri for s = 1,2,..., 2, 2n + 2. 
B...1 0 ais 
To verify that the formula holds also when s = 2n + 1, we note that 
Lens? = t"+1L eee Lent (by definition) and Lens 2™ i"+1B, 4 1.0Bn4 a Sees Ba 1.2n41 
from the known matrix representing Le,42. This proves Loa: ~ Bass.on+1- 
Finally, consider matrices M which satisfy 
(10) M~"(— B,,,)M = B,, (0<s <2q-1). 


The columns of such an M are, in order, the members of a basis (of the space 
of number 2¢-ples) in which the (— B,,,) are represented by the B,, re- 
spectively. Since the 2g involutions — B,1, — By,»,..., — Bg. anti- 
commute, it follows from the first part of this theorem that such a basis is 
essentially unique. Since M = B,», satisfies (10), it now follows that 
M = cB,.2,, with c an arbitrary number, is the complete solution of (10) 
and that M is an involution if and only if c? = 1. Since the L, are represented 
by the B, ,, this completes the proof of the theorem. 
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FOURTH ORDER BOUNDARY VALUE PROBLEMS 
AND COMPARISON THEOREMS 


JOHN H. BARRETT 


Introduction. This paper is primarily concerned with the existence of 
solutions of the fourth-order self-adjoint differential equation 


(1) [(r(x)y’’)’ + g(x)y’)’ — p(x)y = 0, 


(where r(x) > 0, g(x) > 0, p(x) > O and all three coefficients are continuous 
on [a, ~)) and one of the two-point boundary conditions: 


(2) y(a) = y'(a) = y(b) = y'(b) = 0, 
or 
(3) y(a) = y'(a) = y1(b) = y2(b) = 0; 


the subscript notation for any solution y(x) denoting: 
(4) yi(x) = r(x)y"(x) and ye(x) = yi(x) + g(x)y’ (x). 


If g(x) is differentiable then (1) is equivalent to the more familiar form: 
(r(x)y"’)” + (q(x)y’)’ — p(x)y = 0 and, in either case, solutions exist with 
the appropriate derivatives. In particular, attention is given to establishing 
criteria for the existence of a smallest number 6 € (a, @) for which (2), or 
(3), is satisfied by a non-trivial solution of (1). 


DEFINITION 1. The number n,(a) is the smallest number b € (a, @) such that 
(2) is satisfied non-trivially by a solution of (1). 


DEFINITION 2. The number (a) ts defined in the same way by (3). 


For g = 0, m (a) is the first conjugate point of x = a* as established by 
Leighton and Nehari (6) and for general g, :(a) is recognized here to be 
the first conjugate point of a second-order vector-matrix equation in the 
usual sense. Also yu; (a) reduces to the analogy to focal points for second-order 
scalar equations introduced by the author (3). Other recent investigations 
for the case of g = 0 and p > 0 have been made by Howard (5), making 
extensive use of Rayleigh quotients, and by the author (4), utilizing the 
simple vector-matrix formulation 


Received July 29, 1960. This paper was sponsored by the United States Army under Contract 
no. DA-11-022-ORD-2059, Mathematics Research Center. It was presented to the American 
Mathematical Society in January 1960. The author was on leave from the University of Utah 
1959-60 and is now at the University of Tennessee. 

*The minimum }b > a such that a non-trivial solution of (1) has four zeros on [a, 5). 
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oy G00) 
ys \p O/7\y 


and comparison with the special scalar equation 
(y"’/p(x))” — p(x)y = 0, p(x) > 0. 

It is also known (6, Theorems 12.1 and 12.2) that under certain conditions 
the middle term of (1) can be removed and the known theory of g = 0 can 
be applied to the resulting equation. However, there are many cases where 
such a transformation cannot be made into an equation where p(x) does not 
change sign, in order to apply the results of (6), or where p(x) is positive, as 
required by (3; 4; 5). Also, in most of the above-mentioned studies, there is 
a strong dependence on the monotonicity of certain solutions and their 
derivatives. It is easy to see that for g > 0 such properties are not always 
available. 

A systems formulation of (1), which is not as obvious but more useful than 
the above-mentioned one of the author (4), was introduced by Sternberg 
and Sternberg (10), prior to all of the papers previously mentioned here. They 
investigated fourth-order matrix equations of the form of (1), including the 
middle term and found what amounts to sufficient conditions on the coefficients 
to insure the existence of ;(a) (see concluding comment of § 2). 

It is this paper which provides the systems formulation of (1) to be used 
throughout the present discussion. Following earlier fundamental results of 
Sternberg (10), they utilized one of his canonical systems, involving a variational 
multiplier and functional side conditions. Here, use will be made of his other 
(equivalent) canonical system and the need for monotonicity of solutions of 
(1) is avoided. An elementary self-contained derivation of this latter system 
will now be given. 

Using any solution y(x) of (1) and the notation (4), the vectors 


vy y 
a(x) = ( ) and &(x) = (: ) 
y 2 


satisfy the system* 


.. $e = de+ Be (° ‘) (o °) P (° -2) 
‘ . y Tre J = = _ < = 
@ At = Cat 4a 4A Vee? * Niel ™ § p oF 


This system can be simplified by the substitution 
a = D(x)B, & = D(x)B 


where D(x) and D(x) are both solutions of D’ = AD and the respective 
initial conditions: 


D(a) = eo =I, D@)=OQ-= &. tt 


*For a similar formulation, see Coddington and Levinson, Theory of Ordinary Differential 


Equations, p. 207, problem 19, replacing (*) by (-») ‘ 











(€ 


tial 
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Then 
D(x) = ( en *), D(x) = D(x)Co 
and (5) reduces to the second canonical system of Sternberg (8, (2.4)): 
| 9’ = E(x)B . E(x) = DBD = 


andre Ey (x — a) 
x) 


(6) ‘ wher r( 
|B’ = — F(x)p F(x) = — D“CD = p(x) F\(x — a) + g(x)Qi. 
and 
‘ x —x ‘ Ll < ) ae 
Go(x) = (x) = : > = 
Ex (x) (_* +, Fi(x) ( x /’ @: Pe j 
The initial value D(a) = Cy was chosen so that the resulting matrix coefficients 


E and F of (6) would be symmetric. Fortunately, they are also positive 
semi-definite, that is, E(x) > 0, F(x) > O and if p(x) g(x) > Othen F(x) > 0, 
that is, positive definite. Since the determinant of E(x) = det E(x) =0 
then (6) cannot be expressed as a simple second-order vector-matrix equation 
in 6 (that is, (R(x)6’)’ + P(x)B = 0, R>0, P > 0) but it is found that much 
of the known theory of such equations is also applicable to first-order systems 
of the type (6), particularly the use of matrix Riccati equations (1; 7). 

The techniques and results of this paper are direct analogies of those 
applicable to the scalar system: y’ = e(x)z,2° = — f(x)y, where e(x) > 0 
and f(x) > 0, and the second-order scalar equation (r(x)y’)’ + p(x)y = 0, 
with non-negative coefficients (2). 

First of all, conditions for the existence of u;(a@) will be established; secondly, 
ui(a) will be assumed to exist and further requirements on the coefficients 
of (1) will be added to insure the existence of ;(a); thirdly, these will be 
combined to give direct criteria for 4,;(@) and, finally, comparison theorems 
between two equations of type (1) will be established. 

Throughout the paper, when proofs involve E(x) and F(x), x = a will be 
taken to be x = 0 for simplicity, but no loss of generality. Also, subscript 
notation (4) and the inequality notation denoting definiteness of matrices 
will be adopted as standard notation. 


1. Relations between system (4) and equation (1). Consider two 
fundamental solutions u(x) and v(x) of (1) satisfying, respectively, the initial 
conditions: 


(7) u(a) = u’(a) = 0, u;(a) = 1, u2(a) = 0 
and 
(8) v(a) = v'(a) = v;(a) = 0, v2(a) = 1. 


Any solution of (1) which has a double zero at x = a must be a linear combina- 
tion of u(x) and v(x) and the numbers y»;(a) and ;(a) are the smallest zeros 
on (a, ~) of, respectively, the sub-wronskians: 
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(9) p(x) = plu; v] = uyw2 — vu 
and 
(10) o(x) = o[u;v] = uv’ — ou’. 


Recalling the transformation of the opening section of equation (1) into 
the system (6) let 


‘ _ (* s) a « (us) 

(11) ye =(%",), 9 Ds 

(12) V(x) = D-'(x)P(x), V(x) = D- (x) (x). 
Then Y and F satisfy the matrix system 


(13) Y’ = E(x) Y, Y(a) ri! 


y" = = F(x) Y, Y (a) Co. 


And, furthermore, 


II 
Il 


det Y(x) det ¥) (x) a(x), a(a) = 
det V(x) = det (x) = p(x), p(a) = 1. 


_ 
— 


(14) 


Therefore, the existence of 4;(a) and u;(a) become problems of finding (matrix) 
singularities of components of solution pairs of (13). 


2. Conditions for existence of u;(a). For g = 0 conditions insuring the 
existence of 4; (a) have already been given, the strongest of which is: 


THEOREM 2.1 (3). Jf g = 0 and 


| p(x) (I°p)%dx = @ 


then 1;(b) exists for every b € [a, ~), where I*p is the iterated antiderivative 


°F ef 
J | p(s)ds dt. 


For » = 0 there is a striking relation between focal conditions for second- 
order equations and the existence of u;(a). Let f(a) be the smallest 
b € (a, ~) for which a non-trivial solution of 


(15) (r(x)y’)’ + q(x)y = 0 (r and q from (1)) 
satisfies the focal conditions 
(16) y(a) = y'(b) = 0. 


Then it is a simple matter to check the following: 


THEOREM 2.2. If p(x) = 0 then (a) exists if and only if fi;(a) exists and, 
furthermore, u;(a) = f;(a). 





to 


x) 
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Comparison theorems of § 4 will extend these theorems to the cases where 
q(x) > Oand p(x) > 0, respectively, but first, consider the complete equation 
(1) and the matrix system (13). 

Since p(a) = 1 there is a largest number b6,a < 6 < ~, such that Y (x) 
is non-singular on [a, 6). On this interval let K(x) = Y(x) Y-'(x) then K(x) 
satisfies the matrix Riccati equation and initial condition: 

(17) K’ = E(x) + KF(x)K, K(a) = 0, 
and K(x) is symmetric on fa, 6). (For these and other properties of K(x) 
see (1; 7).) 

Let — = (&,) be a non-zero constant (column) vector; then by 

l 


pH @ (a = 0), 


K(x) is positive-definite on (a, 6), and det K(x) = o(x)/p(x) > 0, giving 
a(x) > 0. Hence, Y(x) is non-singular, 9;(a@) does not exist on (a, 6) and 
since 4;(a) * 9;(a) (see Lemma 2.1), then: 


(17) pK(@e)e> J PEM = J we -e)*: 


THEOREM 2.3. If 9;(a) exists then yu;(a) exists and a < y,(a) < m(a).* 


The definiteness of K(x) established above yield further information which 
will be used in succeeding sections. Recall from (12) that 


- 0 
K=YV"'=D'9)"'DO, C= ‘. 41 
A simple computation verifies that DCy = C,)D*—' and, hence, 
(18) DKD* = 99-'C, 
where (again using a = 0) 


> ku + 2xki2 + x ko» kin + +h) y-1p - T ) 
Dt = ( . ’ sys Co=- . 
on Rie + xhoe Ro» wy . P\T T 
and, as in (3), r(x) = u’v, — v'u;(= uve — vu2). Since K(x) > 0 on (a, d) 
then o’ > 0 and 7’ = p(x)ko2(x) > 0. This together with the initial-value 
t(a) = O yields 
LemMMA 2.1. If p(x) > 0 om [a,b),a <<b< @, then a(x) > 0, o’(x) > 0, 
r'(x) > 0 and r(x) > 0 on (a, 6b] and, furthermore, 
r(x)/p(x) = Ky2(x) + (x — a)K22(x) > 0 on (a, d). 
Finally, the symmetry and definiteness of K(x) yields that tr K(x) > 0, 
(tr K(x))? > 4 det K (x) = o(x)/p(x) on (a, uw) and, hence, that: 


LemMA 2.2. If ui(a) exists then tr K(x) as x—> (a) on (a, wy (a). 


*Also true regardless of the signs or changes of sign of g(x) and p(x), as can be seen by a more 
careful examination of Lemma 2.1 and its consequences. 











630 JOHN H. BARRETT 


Now, suppose that yu;(a) does not exist, that is, 6 = © in the above dis- 
cussion. Then K(x) is defined and non-singular on (a,@) and by (17) 


K-'K’'K-' > F (the difference being positive semi-definite). 


If xo € (a,@) and & = (£,) is a constant non-zero vector then on [xo, ©) 


E*K"(xo)E > EK" (xo) — EK '(x)E > | (E: + t&2)"p(¢)dt + | Eng (t)dt 
and the following is an immediate consequence: 


THEOREM 2.4. If either 


J x p(x)dx = © or J q(x)dx = © 
then (6) exists for every b € la, @). 


Note that for g(x) = 0 this is a corollary of Theorem 2.1. Also, for g = 0 
it is known (3;5) that the existence of u;(a) combined with fri 7; =o 
give the existence of 9;(a). This will be established in the next section for 
for g > 0. Sternberg and Sternberg (10) proved this result for the special 
case of r(x) bounded, but for matrix equations. 


3. Conditions for the existence of ;(a). Assume that y;(a) exists but 
that 9:(a) does not, that is, det Y(x) = o(x) > Oon (a, ~). Let H = —YY— 
then H(x) is defined on (a, ©), is symmetric, and 


(19) H’ = F(x) + HE(x) H 


Also on (a, u;), H(x) = — K-'(x) and is negative definite. Since H() is 
singular then by (19) the maximum eigenvalue of H(x) (written max. e.v. 
H(x)) is a non-decreasing function on (a, ~) and max. e.v. H(yu:) = 0. Suppose 
that max.e.v. H(x) =0 on (u;,@), then det H(x) =0 and p(x) =0 on 
that interval. This is possible if p = q = 0 on (uw, ©) and it will now be shown 
that this is also necessary. Since H’(x) > F(x) = 0 and there is a non-zero 
vector — = (£,) such that H(y;)t = 0 then on (y;, ©) 


%z 


0 > #H(x)t> j (E, + t&2)"p(t)dt + j (E3q(t)dt > 0 


implying p(x) = O and either g(x) = 0 on (wu, ©) or & = 0. If & = 0 then 


1 
7 (")e, me 


and H(y;)t = 0 gives fy;(u1) = 0 and hyo(u;) = 0. By (19) Ayi(x) is non- 
decreasing, h;;(x) < max. e.v. H(x) = 0, and 


ctr 


hi = a = (xhi; — hty2)” on fa, ©) (a = 0). 
r(x) 





) 
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Using the fact that H = — K— on (a, yw) then by Lemma 2,1 


whe + his _ t/e_, (m1) 
det K a/p a(u1) 


Therefore h;;'(u;) > 0, which contradicts that 4;, =0 on (yu, @). Hence, 
q(x) = p(x) = 0 on [w, ©), if max. e.v. H(x) = 0 on [uw:, ©). (Note that if 
p(x) = g(x) = 0 on [w:,@) then p(x) = 0, o(x) = o(u:) > O and det H(x) 
= 0 on [u:,@).) Suppose that p(x) + g(x) #0 on (X,@) for every X € (a,@). 
Then there is a number x; € (wu, ©) such that max. e.v. H(x) > 0 on [x;, ©). 

Suppose that min. e.v. H(x) <0 on [x;,@), as it is on (@,y;). Then 
det H(x) <0 and H(x) is non-singular on [x;,@). From (19), H-'H’H™ 


xhy, on his = > O as i> 1. 


> E(x) and if — = (&,) is any constant vector of length |t = 1, then on 
[x1, ©) 

(20) eH (ee — eH *)e > e( fF): 

and 

(21) t*H~'(x)t < max. e.v. H~'(x;) — min. e.v. Jez 


LemMA 3.1. If f:°1/r = © then min.e.v.f? E> asx, 


Proof. Let a = 0 and compute 


det fz - fe rj l/r — (f t, 1") >0 on [x -). 


Then (det f= E)’ = L(x)/r(x), where L(x) = = fF 6 r he xf, l/r 
2x fz t/r > 0 on (x;,@). Furthermore, L’(x) = a(x f* — ji, t/r) >0 
and L" (x) = Tb l/r > 0 and ~@ asx, so pe itions of 


L’Hopital’s Rule vield 


mia. ew. f E >(aet | E/ we | z) = | ae u/ | thy 7 


Zi 


and the lemma is proved. 

Add to the main argument that 4 r = © and by Lemma 3.1 and (21) 
there is a number x2 € (x;, ©) such that on [xe,@) both H-'(x) and H(x) 
are negative definite. But this contradicts that max. e.v. H(x) > 0 and it 
follows that there exists a smallest number ye € [u:1, ©) such that min. e.v. 
H(u2) = 0. Suppose that min.e.v. H(x) =0 on [u2,©). Then det H =0 
and H>O on this interval. Let £ € (u2,@) such that p(x) + g(x) #0 
on [u2, #]. Then there is a (constant) vector — such that H(z#)— = 0. Therefore, 
by use of (19): 


0> FHm)e> i | FE>0, 
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which implies that 


f (E, + tés)*p(t)dt a ef g(t)di = 0, p(t) =0 on [pe, xJand & = 0. 


Therefore 4,,(#) = 0 and this, together with Ay,’ > 0 and hy,(x) < 0 on 
[u2, 2], gives hy, = 0 and hy:(x) = 0, since det H(x) = 0, on this interval. 
Equation (19) then becomes 


Deane 1 2 a 
hee = q(x) + r(x) hee on |p, x]. 
Since g(x) #0 on [we, Z] then there is a number Z; € (ue, Z) such that 
hoe(x) > 0 on [%;, Z]. Then hes*hee’ > 1/r(x) and 


fa Ir < = 
71 : he2(Z1) ‘ 


This is true for any ~ > #,;, which contradicts a 1/r = @ and there exists 
a number x3 € (42, ©) such that min. e.v. H(x) > 0, that is, H(x) > 0 and 
H~(x) > 0, on [x3,@). This being the case, inequality (20) holds for x, 
replaced by x; and 





= ez : Zz o 1 
tH *(x3)t > | gE (t)tdt = f (t& — o) dt (a = 0) 


which contradicts the assumption that - 1/r = ~,. Since all consequences 
of the assumption that ;(a) does not exist are eliminated then: 


THEOREM 3.1. If (a) exists, fri r = «©, and p(x) and q(x) are not both 
identically zero for large x then ;(a) exists. (See Theorem 4.2.) 


THEOREM 3.2. If (a) exists then max. e.v. H(x) ©, as x—>7;(a) on 
(a, m (a)). 


Proof. Suppose that max. e.v. H(x) ~h < @ as x (a). Then fer any 
constant vector ~, the non-decreasing scalar &*H(x)é has a limit as x — 7;(a). 


By taking, in turn, 
t= g »\,)) and i}? 


it follows readily that each component of H(x) has a limit as x — ;(a). 
Note that on (a,9;): Y’ = EY = (— EH)Y, o(x) = — (tr EH)o(x) and 
a(x) = o(x,) exp { — - tr EH}, where x € (a,;). But H(x) hasa limit 
as x — (a) which implies that o(m:) > 0, a contradiction, thus proving the 
theorem. 


Finally, if the zeros of p(x) are isolated, let u,(a) be its ith zero on (a, ~) 
and, in general, let u4,:(a@) be the smallest zero of p(x) on (u;, ©) such that 
p(x) ~ 0 on (us, Mi+1). 
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Proof of the following theorems are omitted since they follow readily from 
the preceding analysis. 


THEOREM 3.3. Jf ui(a) and ys(a) both exist and {* x*/r(x)dx = @, then 
ni (a) exists. 


THEOREM 3.4. If u:(a@), u2(a), and yu3(a) all exist, then n;(a) exists. 


THEOREM 3.5. If (a) does not exist and f?e = @ then u;(a) and p2(a) 
exist. 


THEOREM 3.6. J 


%o x 
J ~~ dialing 


and a pb = © then :(c) exists for all c € [a, ©). 
By letting p = Oand bd = »;(a), Theorems 2.4 and 3.1 yield, as an immediate 


corollary; the second-order result: 


THEOREM 3.7. If f° l/r = ~ and f°p = © then either (15) (r2’)’ + gz = 0 
or (r2’)’ + gz = 1 has a non-trivial solution 2(x) and a number b > a such that 


b 
z(a) = 2(b6) = 0 and f 2(x)dx = 0. 


4. Comparison theorems for ,;(a). Consider a second equation of 
type (1): 
(10) [(ro(x)y"’)’ + go(x)y’)’ — po(x)y = 0 
and denote the various quantities defined for (1) in the preceding sections 
by the same symbols with an additional subscript or superscript ‘0,’’ that is, 


. "Va 0 . 0 - 
4, Vo, 0, Go, Yo, Yo, ui(a), m(a), Ko, etc. 


THEOREM 4.1. If 0 < r(x) < ro(x), 0 < po(x) < p(x), 0 < go(x) < g(x) 
and u°(a) exists, then p,(a) exists and (a) < w,°(a). Furthermore, u;(a) 
= u°(a) if and only if 


(22) ro(x) = r(x), go(x) = g(x), pol(x) = p(x) 
on (a, u°(a)). 


Proof. Suppose that 4;°(a) exists but that y,(@) does not on [a, w;°|. Then 
on (a, u:°): K(x) and Ko(x) = Yo¥o~' are defined, symmetric, and 
K’ = E+ KFK, Ki = Eo + KoF oKo. 
Subtraction of these equations and adding and subtracting terms yields 
(23) (K — Ko)’ — (KoFo)(K - Ko) = (K — Ko) (FoKo) 
= E— Ey+ K(F — Fo)K + (K — Ko) Fo(K — Ko), 


where 
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: : l 1 . 
(24) E(x) — Eo(x) = | -— - fete — a), 
r(x) ro(x) 

F(x) — Fo(x) = [p(x) — po(x)]Fi(x — a) + [g(x) — go(x))Q.. 
Therefore, each of the three terms on the right-hand side of (23) is positive 
semi-definite and the fact that K — Ky > 0 may be obtained by “‘solving” 
(23) as a linear non-homogeneous matrix differential equation, as in (1) 
using the techniques of (7). On [a, w:°) let K — Ky = J(x)L(x)J*(x), where 
J' = (KoFo)J and J(a) is non-singular, and substitution into (23) gives 


L(a) = 0 and 
(25) L'(x) = J" (E — Eo) + K(F — Fo)K + (R — Ro) Fo(K — Ko)} J*". 
One appropriate solution for J(x) is J = Yo*-' and, hence, 


(25’) L(x) = | Po{(E — Eo) + K(F — Fo)K + (K — Ko) Fo(K — Ko)} Yo 


which is positive semi-definite on (a, 4°). It follows that K > Ko and the 
fact that tr K(x) > tr Ko(x), together with Lemma 2.1, contradicts the 
continuity of K(x) on the closed interval [a, u;°] and the first part of Theorem 
4.1 is proved and y;(a) < u,°(a). 

The proof of the remaining part is more difficult. Suppose that yu;(a) 


= w;"(a), then V(x) and Yo(x) have their first singularity simultaneously, as 


do H = — YY—' and Hy, = — Yo¥."'. Note that by Theorem 2.3, (a) 
and 7;°(a) do not appear on |[a, u;|] and H(x) and H (x) are defined on (a, u,), 
and on (a, 4;), H = — Ko", Hy = — Ko. Hence H(x) and Ho(x) are both 


negative semi-definite on (a, y;). 

Throughout the remainder of this paper there will be a repeated need to 
relate the definiteness of H — Hy to that of K — Ky The following general 
(any order) matrix theorem is useful. 


LeMMA M. /f A and B are two non-singular matrices, A — B is positive 
definite (semi-definite) and B is positive definite then B~' — A~ 1s positive 
definite (semi-definite). 


The proof follows readily from the fact (see Bocher, Introduction to Higher 


Algebra [New York, 1907], p. 171) that A and B may be diagonalized simul- 
taneously, and, in fact, all eigenvalues of B may be transformed to the value 


ai is 
Returning to the main argument, K — Ky > 0 implies H — Hy > 0 and 
on (a, 4]; as in the discussion for K and Ko. 
H’ = F + HEH, Ho = Fo + HoEoHs, 
and 


(26) (H — Ho)’ — (HoEo)(H — Ho) — (H — Ho) (Eo) 
= F— Fy + H(E — Ey)H + (A — Ay) Eo(H — A). 
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Let H — Ho = Ji(x)M(x)J*1(x), where J;’ = (HoEo)J;. Then J; = Yo*" 
is a multiplying factor and 
(27) M'(x) = Yo{(F Fo) + H(E — Ey)H + (H — Ay) Ed(H — Ao)} 
Yo > 0 on (a, py). 
Since Ho(u;) is singular, there is a non-zero vector &) such that Ho(u:)f> = 0 
and by letting x — yw, 
O < [AH (u1) — Ho(ur)]léo = EH (ur)bo < 0 


which implies that min.e.v. (H — Ho)(u:1) = 0 and min. e.v. M(u;) = 0. 
Therefore, there is a non-zero vector — such that &*M(u,)é = 0 and since 
H — Hy, >0 then so is M(x) and &M(x)E >0 on (a,u,). But by (27) 
(&*M(x)t)’ > 0 which implies that &*M(x)t = &*M’(x)— = 0 on (a, wu] and 
min. e.v. M(x) = Min. e.v. (H — Ho) = min. e.v. (K — Ko) = min. e.v. L(x) 
= 0 on (a, w)). 

Suppose there is a subinterval J = [x,, x2] of (@, w;) such that r(x) < ro(x) 
on J. Let — be a non-zero vector such that &* M(x.) = 0. Since the integrand 
of (25) is the sum of the three exhibited positive semi-definite terms then 


ere 
V5 (E — Eo) Poe = 0 and 4*(E — Eo)n = 0 on (a, x2), 
where n(x) = Vo(x)t ¥ 0. 


Let a = 0, then 9*E,(x)n = (xm, — 92)? = O and ne = xm, on I. Recalling 
(13) and that Ky = YoY¥o"', n(x) satisfies 


Py 1’ 
n = — (FoKo)n on (a, 4) and n(x) = ( Jax »>mx*#O0 (a = 0). 

x 
That these are incompatible is seen by substituting the latter into the former 
and by multiplying on the left by the (row) vector (— x, 1), which yields on J: 

(letting Ky = (R;,;°)) 
. - l 0 ‘ 0 
l=— (- x, 1) (Fo, Ko) =_— go(kis + xkee) \a 0). 
x 


But go > 0 and by Lemma 2.1, ky:.° + xko2® > 0 on (a 0, u;) and the 
assumption that r < ry on I is contradicted giving r = ro on (a, mu). 

To continue the proof, instead of using the more complicated second term 
of the integrand of (25), use the first term of the right-hand side of (26) or 
(27) involving F — Fy = (q — go)Qi + (pb — po) F(x). An argument, paral- 
leling the preceding one but involving (27), yields that if (x) Yo(x)é 
and gq > go on a subinterval J of (a, uw) then 2(x) = 0, or if p > po on I 
then (x) + (x — a)no(x) = 0 on J, neither of which is compatible with 
n’ = (EoK¢"')n. Therefore, 4; = u;° implies that (22) is true and the converse 
obviously holds, completing the proof of Theorem 4.1. 

If equation (lo) is equation (1) with g = 0 or with p = 0, that is, 


? 


(ry’’)” — py = 0 or [(ry’’)’ + qy’]’ = 0. 
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Then the existence of wu, (a) for either of the special cases implies the same for 
the complete equation (1). Therefore, using the results of §§ 2 and 3: 


THEOREM 4.2. Jf 
f p(x) (I*p)*dx = @ 


or f° q(x)dx = © then (b) exists for every b € [a,~) and if, in addition, 
| 1/r = @ then n;(6) exists for every b € [a, ©). 


THEOREM 4.3. If 1; (a) exists for the second-order equation (15).(ry’)’ + gy = 0 
then (a) exists for the fourth-order equation (1) and y;(a) < f(a). 


5. Comparison theorems for ;(a). The discussion of this section is an 
extension of that of the preceding section and consider again the equations 
(1) and (19) and the same ordering of coefficients extended to the first conjugate 
point: 

THEOREM 5.1. Jf 9:°(a) exists and r(x) < ro(x), po(x) < p(x), go(x) < g(x) 
on (a, ;°| then 9,(a) exists and n;(a) < ;°(a). 


Proof. Suppose 7;°(a) exists and 4;(a) does not exist on (a, 9;°]. In the last 
section it was established that H — Hy > 0 on (a, db) for some 6b € (a, u;°) 
and by (26)—(27) that semi-definiteness extends to the whole interval (a, 7°). 
But by Theorem 3.2: 


max. e.v. H(x) > max. e.v. Ho(x) —~ ©, as x —> ns 
which contradicts that H(x) = — YY-' exists and is continuous on (a, °), 
thus completing the proof of the theorem. 
An immediate corollary is: 
THEOREM 5.2. If 9:°(a) exists for either 
(ry’")”” nie py = 0 or [(ry’’)’ + qy’ |’ = @ 
then :(a) exists for the complete equation (1) and (a) < m1°(a). 


This comparison theorem leads to the following: 


THEOREM 5.3. If the second-order equaiion (15) (r(x)y’)’ + q(x)y = 0 has 
a non-trivial solution with four zeros on |a,@) then n:(a) exists for the fourth- 
order equation (1). 


Proof. First suppose that p(x) = 0 on [a,@). For this special case p(x) 

= u,(x) and if z(x) = u’(x) then since ue’(x) = 0 and ue(a) = 0: 
(rz’)’ + qz = 0, 2(a) = 0, (r2’)(a) = 1. 

Therefore, z(x) has at least four zeros on [a, ©), the first at x = a, and 2’ (x) 
has at least three zeros on (a,~). Note that p(x) = u;(x), which has the 
zeros of z'(x) and these guarantee yu;(a), u2(a), and u3(a). Theorem 3.4 now 
gives the existence of :(a) when » =0. The comparison Theorem 5.2 
eliminates the restriction on p(x). 





rr 
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It should be clear that many of the methods of this paper are applicable to 
self-adjoint equations of higher order and to the matrix equations of Sternberg. 


6. Non-existence of »,(a) and disconjugacy. In the last section of their 
paper (6), Leighton and Nehari gave two changes of variable each of which 
removes the middle term of 


(1) [(r(x)y’’)’ + q(x)y’) — p(x)y = 0. 


The transformation of the independent variable is repeated here in a slightly 
more general form. 


LEMMA 6.1. Let I be any subinterval of |a, @), a(x) be a function of x such 
that a and ra’ € C’ with a’ > 0 on I. Then the change of variable 


transforms I into a t-interval I' and (1) into 
(26) (RY) + OMY) — PWY =O0on!’, 
where Y(t) = y[x(t)], R(t) = r[x(d)] (a’[x(d))', 
Q(t) = ae[x(t)], a2 = (ra’’)’ + ga and P(t) = p[x(t)]/a’[x(d)]. 


Note that if ag = 0 on J then the middle term vanishes and the above lemma 
reduces to that of Leighton and Nehari: 


LemMA 6.2 (6, Theorem 12.1). Jf the second-order equation 
(15) (r(x)y’)’ + q(x)y = Oon I = [b,c] C [a, ~) 
has a positive solution 2(x) then the substitution t = a(x) = f; z(s)ds transforms 
I into I' = (0, T| and (1) into 
(27) [RP — P®Y =O0on I’ 
where R(t) = r{x(t)|z*[x(t)] and P(t) = p[x(t)]/2[x(t)]. 

Proof of Lemma 6.1. As in (6), successive differentiations of Y(t) = y[x(¢)] 
yield Y= y'/a’ and Y = (a’y” — y'a”’)/(a’)*, let Vilt) = RY and 


Y(t) = ¥; + QY, then Y, = PY (with R, Q, and P as defined in the lemma) 
and the lemma is proved. 


THEOREM 6.1. Jf (15) (ry’)’ + gy = 0 is disconjugate (no non-trivial solution 
has more than one zero) on |a, b),a < 6 < © and n(a) does not exist on (a, bd) 
then equation (1) is disconjugate (no non-trivial solution has more than three 
zeros on {a, b). 


Proof. Let c € (a, 6), then, by a well-known property of disconjugate 
equations, there exists a solution 2(x) of (15) which is positive on the closed 
finite interval [a,c]. As in Lemma 6.2, the substitution ¢ = a(x) = fiz 
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transforms [a, c] into (0, 7] and (1) into (27). Also, 9:(0) does not exist with 
respect to equations (27) on (0, 7] and, by (6), no solution of (27) has more 
than three zeros on [0, 7]. Therefore, no solution of (1) has more than three 
zeros on [a, c] and, hence, on [a, d). 


THEOREM 6.2. If (a) does not exist, p(x) + q(x) #0 for large x, and 
J°1/r = @ then equation (1) is disconjugate. 


Proof. By Theorem 3.1, the non-existence of 9;(a) implies the non-existence 
of u;(a) and Theorem 4.1 implies that u;(@) does not exist with respect to (1) 
with p = 0. Hence, by Theorem 2.2, the second-order equation (15) is a 
disconjugate and Theorem 6.1 guarantees that equation (1) is disconjugate 
and the proof is complete. 


If f° 1/r < © or (ry’)’ + qy = 0 is oscillatory, it is not known to the author 
whether the non-existence of 4:(a@) implies disconjugacy of (1). Of course, by 
(6, Part I1), if p(x) < 0 and g = O then neither yu; (a) nor 9;(a) exists, but it 
should be recalled that in many cases the fundamental solution v(x) has a 
simple zero following its initial triple zero. 
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GENERAL RADICALS THAT COINCIDE WITH THE 
CLASSICAL RADICAL ON RINGS 
WITH D.C.C. 


N. DIVINSKY 


General radical theories were obtained by Amitsur (1; 2; 3) and Kurosh 
(6). Following Kurosh we say that a property S of rings is a radical property 
if: 

(a) Every homomorphic image of an S-ring is an S-ring; 


(b) Every ring R contains an S-ideal S which contains every other S-ideal 
of R; 


(c) The factor ring R/S is S-semi-simple (that is, has no non-zero S-ideals). 


The property ® of being nil is a radical property and for rings with D.C.C. 
(the descending chain condition on left ideals) this becomes the so-called 
Classical Radical. Nilpotency is not a radical property for the union of all 
the nilpotent ideals of a general ring need not be nilpotent. However, for 
rings with D.C.C. all nil radicals are nilpotent. 

The question we are concerned with is which general radical properties 
coincide with ® on rings with D.C.C. If S and TFT are two radical properties 
we say © S T if every S-radical ring is also T-radical, and if we work with 
the class of all (associative) rings this is equivalent to the statement that for 
any ring R, the S-radical of R is contained in the T-radical of R. We say 
S = T if a ring is S-radical if and only if it is T-radical, or if, for every 
ring R, its S-radical equals its T-radical. However, if we consider only rings 
with D.C.C. these statements are not equivalent for an ideal of a ring with 
D.C.C. may not have D.C.C. itself. Thus it is possible to have properties S 
and & such that a ring with D.C.C. is S-radical if and only if it is T-radical, 
but there exist rings R with D.C.C. whose G-radicals are smaller than their 
T-radicals. We seek general radical properties © which coincide with NT on 
rings with D.C.C. in the strong sense that for any ring R with D.C.C., its 
© radical equals its MN radical. To this end we shall use Kurosh’s upper and 
lower radical constructions. 

Given any set of rings P, the lower radical property determined by P is 
defined as follows: 

A ring is of first degree over P if it is a homomorphic image of some ring 
in P or if it is zero (this is to complete the definition in case P is vacuous). 
We say a ring R is of degree 8 > 1 over P if every non-zero homomorphic 





Received August 1, 1960. 


639 











640 N. DIVINSKY 


image of R contains a non-zero ideal which is a ring of degree 8 — 1 over P. 
If 8 is a limit ordinal we say a ring is of degree 8 over P if it is of some degree 
a < 8, over P. Then we consider all rings of any degree over P and we say 
a ring is radical if it is of some degree over P. This yields a radical property 
for which all rings in P are radical and it is less than or equal to any other 
radical property for which all rings in P are radical. 

Given any set of rings Q with the following property: 


(d) Every non-zero ideal of a ring of Q can be homomorphically mapped onto 
some non-zero ring of Q; 


the upper radical property determined by Q is defined as follows: 

We consider the class Q, the set of all rings R such that every non-zero 
ideal of R can be homomorphically mapped onto some non-zero ring of Q. 
We then say a ring is radical if it cannot be homomorphically mapped onto 
a non-zero ring of Q. This yields a radical property for which all rings in Q 
are semi-simple and it is bigger than or equal to any other radical property 
for which all rings in Q are semi-simple. 

We make the following definitions: 


Y = the lower radical property determined by all the zero simple rings. 


D = the lower radical property determined by all nilpotent rings which are nil 
radicals of rings with D.C.C. 


B = the lower radical property determined by all nilpotent rings. 
MN = the lower radical property determined by all nil rings. 


Ul = the upper radical property determined by all finite dimensional total 
matric rings over division rings (since this class consists only of simple 
rings it clearly has property D.) 


It is clear then that 
L£<D< BCcR< u. 


If © is any radical property that coincides with ® on rings with D.C.C. 
then all zero simple rings are ©-radical, for zero simple rings have D.C.C. 
and are Jt-radical. Therefore 2 < ©. On the other hand, all finite dimensional 
total matric rings over division rings have D.C.C., are nil semi-simple and 
are therefore © semi-simple. Thus QO < U. Consequently f < OQ < U. How- 
ever, every nilpotent ring is of course Jt-radical and if it is a nil radical of a 
ring with D.C.C. then it must also be © radical. Therefore D < OQ < UL. 


~ 


THEOREM 1. A general radical property 2 coincides with the nil radical N 
on rings with D.C.C. if and only if D <Q < U. 


Proof. We have already proved half of this theorem. To prove the other 
half it is sufficient to show that both D and U coincide with MN on rings with 
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D.C.C. To see that R and U coincide let R be any ring with D.C.C. Let N 
be its Jt-radical and U be its U-radical. N C U. We consider R/N which is 
well known to be a finite direct sum of D,’s, where the D, are finite dimensional 
total matrix rings over division rings. Now U/N is an ideal of R/N and must 
then be a finite direct sum of the D,’s that it contains. Then U can be homo- 
morphically mapped, via U/N, onto one of the D, which is U-semi-simple. 
However, U is U-radical and so is every homomorphic image of U and the 
only ring that is both radical and semi-simple is the ring consisting only of 
zero. Thus U/N must be zero, U =N. 

To see that MR and D coincide again let R be any ring with D.C.C. Let NV 
be its R-radical and D its D-radical. DC N. Now N is nilpotent and it is 
a nil radical of a ring with D.C.C. and therefore N is D-radical, N = D. 
Q.E.D. 

Kurosh makes the statement that a general radical property © coincides 
with the nil radical M on rings with D.C.C. if and only if 2 S OQ s U. How- 
ever, he overlooked the fact that though this is true in the weak sense that 
every ©-radical ring with D.C.C. is &-radical, this is false in the strong sense 
as the following example shows: 

Let A be the set of all ax + Be where a and € are rational numbers and 
where x? = 0, e = e, ex = xe = x. This is a commutative ring which is a 
two-dimensional vector space over the rationals. The only non-zero proper 
ideal of A is N = {ax}. Clearly N is the nil radical of A and A has D.C.C. 
We want to show that A is &-semi-simple. The {-radical of A is contained 
in N and thus it remains to show that N is %-semi-simple. Assume then that 
N contains some £-ideals, each of them being of some degree over the class 
of all zero simple rings. Let y be the minimal ordinal such that NV has an 
ideal I which is of degree y. Clearly y is not a limit ordinal. Since J is of 
degree y, every non-zero homomorphic image of J must contain a non-zero 
ideal of degree y — 1 and in particular J itself must contain a non-zero ideal 
J of degree y — 1. However, since N? = 0, JN = 0 and J is therefore an 
ideal of NV. Thus N contains a non-zero ideal of degree y — 1, which contra- 
dicts the minimality of y, unless y = 1. Thus if N contains any -ideals it 
must contain one of degree 1. However, any homomorphic image of a zero 
simple ring is a zero simple ring and thus the only rings of degree 1 are the 
zero simple rings themselves. However, any non-zero ideal of N is merely 
an additive subgroup and contains at least the infinite cyclic additive group 
generated by a non-zero element, and thus cannot be simple. Therefore V 
has no ¥-ideals and N is <%-semi-simple. 

Thus A is a ring with D.C.C. whose ¥t-radical is not equal to its ¥-radical. 
This proves also that 2 $ D. 

What is true is that every Jt-radical ring R with D.C.C. is also ¥-radical. 
For if R is nilpotent, R" = 0 # R™". By D.C.C. R”™"' contains a minimal 
ideal J of R. If J is any ideal of J it is also an ideal of R for JR C R®™'R = 0. 
Thus J is a zero simple ring. Thus R contains a zero simple ring. Similarly, 
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every homomorphic image of R contains a zero simple ring and therefore R 
is of degree 2 over the zero simple rings and thus & is &-radical. 

Of course in the example above, though WN is contained in a ring with 
D.C.C., N itself does not have D.C.C. Curiously every homomorphic image 
of that NV, which is not isomorphic to JN, is -radical. 

It is clear that, in general, Ul # ® for the set of all rational numbers of 
the form 2m/(2n + 1) is a Jacobson radical ring which is clearly U-radical, 
but is Jt-semi-simple. Also 6 # MN, for MN is the Baer upper radical and % is 
the Baer lower radical and Baer (5, § 2) has given an example where they 
are different. To see that 8 is the Baer lower radical we first point out that 
% is identical with the lower radical property determined by the zero ring 
on an infinite cyclic additive group W. Clearly if all nilpotent rings are radical 
then in particular W is radical. On the other hand, every nilpotent ring 
contains an ideal which is a zero ring on a cyclic additive group and this 
is a homomorphic image of W. Thus every nilpotent ring is of degree 2 over 
W and thus if W is radical so are all nilpotent rings. Kurosh has pointed out 
that the lower radical determined by W is precisely Baer’s lower radical. 

To see that all five radical properties are different in general, that is, 


LSDSBSNSu, 
we must finally show that D + &. 


_~ 


THEOREM 2. The radical property D $B, the Baer lower radical. 


Proof. We know that D < % and the question as to their equality will be 
settled if we show that W, the zero ring on an infinite cyclic additive group, 
is D-semi-simple. 

Suppose then that W contains some D-ideals. However, every non-zero 
ideal of W is isomorphic to W and thus if W has a non-zero D-ideal, it must 
be D-radical itself. Let a be the minimal ordinal such that W is of degree a 
over the class of all nilpotent rings which are nil radicals of rings with D.C.C. 
Then clearly a is not a limit ordinal. Every non-zero homomorphic image of W 
then contains a non-zero ideal of degree a — 1 and in particular W contains 
such an ideal and therefore W itself is of degree a — 1 which contradicts the 
minimality of a, unless a = 1. Then W is a homomorphic image of a nil radical 
of a ring with D.C.C. 

Let R be a ring with D.C.C., let A be its nil radical and let H be an ideal 
of A such that A/H = W. Then A? C H. We consider then the ring R/A?. It 
also has D.C.C. Its nil radical is known to be A/A? and this can be homo- 
morphically mapped onto W for A/A*/H/A* = A/H = W. Thus we may 
assume without loss of generality that A? = 0. 

Every element of A is of the form mx + h where m is an integer, h is in 
H, and where x is a representative of the generator of the infinite cyclic 
additive group A/H. Note that if mx is in H then m must be zero. 
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Consider the sequence of left ideals of R: 
> SE > B-OE> RFS D> 2.0 > RTED wees 
None of these can be zero for if R-2"x = 0 then 
vy ee: oy i ae 2 oe oe 


where {2"*’x} is the additive group generated by 2"*’x, is a properly descending 
chain of non-zero left ideals of R, which contradicts D.C.C. 
Again by D.C.C. there must exist an integer m such that 
R-2*%x = R-2"*'x, 


Thus for every element f in R there must exist an element g in R such that 


f-2"*x = g-2**'x, 


We note that R#A else A has D.C.C. and therefore 4/H = W has 
D.C.C. which is impossible. Therefore R contains an idempotent e such that 
every element a of R is: a = ae + (a — ae) where a — ae is in A (4, pp. 
17-19). Thus ax = aex, since A* = 0. Then a(x — ex) = 0 for every a, 
R(x — ex) = 0. 

If ex = x +h then there must exist an element ) in R such that e-2"x 
= §-2"+!x, However, bx is in A and therefore bx = mx + h’, where m is an 
integer. Then e-2"% = 2" + 2"h = 6-2"*'x = 2"*'mx + 2"'h’. Therefore 


x(2" — m2"*!) = 2"*+1h' — 2"h which is in H. Thus 2" — m2**' = 0 which is 
impossible. 

On the other hand, if ex #x-+h then ex = qx + A, where g # 1 and 
x — ex #0. Then {x — ex} > {2(x — ex)} > [27(x — ex)} >... > [2"*(x 


— ex)} > ...is a descending chain of left ideals of R; where again {2"(x—ex)} 
is the additive group generated by 2"(x — ex). Each is non-zero for if 
2"(x — ex) = 0 then 2"(x — gx — hy) = 2"(1 — g)x — 2%, = 0. Thus 
2"(1 — q)x is in H which is impossible unless g = 1. 

This is a properly descending chain for if {2"(« — ex)} = 
then there must exist an integer & such that 


j2°t! (x — ex)}, 
2"(x — ex) = k2"*'(x — ex). 
02" (x — gx — hy) = k-2"*"(x — gu — hy). 
.x[2"(1 — g) — R2"**(1 — g)) = Ay (2" — k2"*") 
which is in H. 


.2"(1 — g)(1 — 2k) = 0 


which is impossible for an integer k. 
Thus in either case we have a contradiction. Therefore W is D-semi-simple 
and the theorem is proved. 
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THE ANALYTICITY OF KERNELS 
J. pe BARROS-NETO anp F. E. BROWDER 


Let V bea paracompact real analytic manifold of dimension n > 1. Following 
the terminology of the theory of distributions of Schwartz (4), D(V) is the 
linear space of infinitely differentiable functions with compact support in V 
with the appropriate inductive limit topology, €(V) is the Frechet space of 
infinitely differentiable functions on V, D’(V) is the dual space of D(V) 
consisting of the distributions on V, &’(V) the dual space of E(V) consisting 
of the distributions with compact support on V. Let &(V) be the linear space 
of real analytic functions on V. 

It is our purpose in the present paper to study the nature of the distribution 
kernels on V X V, in the sense of Schwartz (5), which are analytically very 
regular. Such kernels, which we shall refer to more briefly as analytic kernels, 
are obtained by the Schwartz kernel theorem from analytic mappings. The 
latter are defined as follows: Let L be a continuous linear mapping of D(V) 
into €(V). Its transpose (or adjoint) ‘Z is then defined as a continuous linear 
mapping of &’(V) into D’(V). Then Z is said to be analytic (or bi-analytic) 
if the following two conditions hold: 

(i) ‘L maps D(V) into €(V). (It then follows by the closed graph theorem 
that ‘L maps D(V) continuously into €(V), so that by the reflexivity of the 
space €(V) and D(V), it follows that ‘(‘L) = L maps €’(V) continuously 
into D’(V).) 

(ii) If p lies in &’(V) and is analytic on an open subset G of V, then Ly 
and ‘Ly are both analytic on G. 

Associated with each such mapping L by the Schwartz kernel theorem (5), 
is a distribution k,,, on V X V, infinitely differentiable off the diagonal, such 
that figuratively 


(Ly) (x) = J kea¥(ords, 
for all y in D(V), or more precisely, using the pairing (f, ®) between a distri- 
bution f on V X V and ®€ D(V X V) (and similarly on V), 


(Ly, vi) = (Rey v(y)¥i(x)), 
for all ¥, ¥; in D(V). 


Our principal result is the following: 


THEOREM. The kernel k, of an analytic mapping L 1s analytic on the com- 
plement of the diagonal in V X V. 


Received August 3, 1960. J. de Barros-Neto is a Fellow of the Conselho Nacional de Pesquisas, 
Brazil, and F. E. Browder is a Sloan Fellow. 
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The corresponding result with analyticity replaced by separate analyticity 
(that is, analyticity in each of x and y separately with the other held fixed) 
was obtained by de Barros-Neto in (1). An essential tool in the proof of 
the above Theorem is the criterion for analyticity on V X V in terms of the 
analytic properties of a function in the separate variables given by Browder 
in (2). 

Obviously our theorem has important applications to the study of the 
structure of the fundamental solutions and other kernels obtained from 
boundary value problems for partial differential operators. We shall discuss 
these applications elsewhere. 

In § 2, we consider some generalizations to general kernels. 

The writers are indebted to Professor L. Nachbin for some stimulating 
discussions of the questions dealt with here. 


1. We shall assume as the basis of a great deal of our discussion the theory 
of topological vector spaces as exposed by Grothendieck in (3). By a standard 
procedure, we may imbed V in a complex analytic manifold V of dimension 
n such that at each point x° of V, there exists a complex analytic co-ordinate 
system {z,,...,2,} in a neighbourhood U of x° in V such that U(\ V {s: 
Im(z,) = 0 for 1 <7 <n}, while x, = Re(z,) are the co-ordinates of a 
co-ordinate patch in V at x°. We shall refer to V, which we shall fix, as the 
standard complexification of V. 

If « is a function from A(V), there exists a neighbourhood U of V in V 
such that u« may be extended to a holomorphic function on U. We shall 
denote the linear space of holomorphic functions on U by $(U), topologizing 
the latter space by the usual topology of uniform convergence on compact 
subsets of U. We then define the topology on A(V) as the inductive limit of 
the topologies induced by the mappings of 6(U) into A(V) obtained by 
restricting functions from §(U) to V (3, chapter tv, pp. 255-256), where U 
runs over the neighbourhoods of V in V. Similarly, if A is a compact subset 
of V, 4(A) will denote the space of equivalence classes of functions analytic 
on a neighbourhood of A in V, and topologized as the inductive limit of 
§(U,) where U,; runs through a fundamental sequence of neighbourhoods 
of A in V. It follows that 4(A) is the inductive limit of a sequence of Frechet 
spaces. Grothendieck has shown (3, Theorem 1, Corollary 2, pp. 268-270) 
that if every bounded closed subset of a generalized (%j§)-space E is complete 
and if {E,} is a sequence of definition for the space EZ, then each bounded 
subset B of E is contained and bounded in one of the spaces E,. By (3, 4(6), 
p. 315), for a compact set A in V, U(A) is complete, and hence quasi-complete 
(that is, bounded closed subsets are complete in the induced uniformity). It 
follows then that we have: 


LEMMA 1. For each compact subset A of V, if B is a bounded subset of AA), 
then each function f in B can be extended to a fixed neighbourhood U of A in V 
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(depending of course upon B), and there exists a constant M such that for the 
extended function f(z), 
f(z)| < M 


for zin U. 


Proof. The proof follows from the above remarks together with the familiar 
form of the bounded subsets in §(U,), where U; is a neighbourhood con- 
taining the compact U in its interior. 

LEMMA 2. A necessary and sufficient condition that a subset B of A(A) should 
be bounded in UA(A), A compact, is that there exists a finite family of co-ordinate 
patches on A such that in each of the co-ordinate patches there exists a constant 


Cy such that 
’ | 
| < is as r y m + ja; ! 
(2) (4) ...(2) f(x) | < CoCr gers!) 


Proof. This is an easy consequence of the Cauchy integral formula for 
polycylinders as far as necessity is concerned, and of an obvious majorization 
of the power series of f as far as sufficiency is concerned. 

By another result of Grothendieck (3, first Corollary on p. 36), it follows 
that if E is a Frechet space which is also a Schwartz space, then its dual 
E’ is a complete bornological space. By (3, Proposition 5, p. 336), for every 
open subset G of the separable manifold V, €(G) is a Schwartz space and 
obviously a Frechet space. Hence €’(G) is a complete bornological space. By 
(3, Theorem 2, p. 271), every closed mapping of a complete bornological 
space E (hence strictly bornological) into a generalized ({§})-space F is con- 
tinuous. Applying this result to the spaces E = @'(G), F = A(A) with A 
compact, we obtain: 


LeMMA 3. Let T be a closed linear mapping of &'(G) into A(A) with G open 
in V, A compact. Then T is continuous. In particular, this is true if T is the 
restriction of a continuous mapping of &'(G) into D'(V).* 


Proof. The first assertion of Lemma 3 was established in the remarks 
preceding the statement of the Lemma. For the second assertion, it suffices 
to show that if 7 is the restriction of a continuous mapping of €’(G) into 
D’(V), then 7 is closed as a mapping of €’(G) into (A). However, the 
topology of (A) is consistent with the induced topology from D’(V), so 
that the last conclusion follows immediately. 


LemMa 4. Let f be a distribution on V X V such that f is separately analytu 
off the diagonal in V X V (that is, f(x,.) ts analytic for fixed x in y for y # x, 

*By this we mean precisely the following: There exists a continuous mapping 7; of €'(G) 
into D’( V) such that for all u, Tyu is analytic on a neighbourhood of A and Tux is the equiva 
lence class of Tu taken as an element of Y(A) 
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while f(,,y) ts analytic for fixed y for x # y). Suppose the mappings %,, and 
Po, with 


,(x) = f(x,.), :(y) = f(..¥) 


are continuous mappings of an open set G, into A(G2) for another open set Gz 
(Gz into A(G,)) in V, Gy (\ G2 = o. Then f is analytic on G; X Gs. 


Proof. It suffices to consider compact subsets A, and A, of G,; and Gz, 
respectively. Since ©, and %, are continuous, ®,(A,;) is bounded in &(A,) 
and %2(A:) is bounded in %(A,). Hence, by Lemma 1, there exist neigh- 
bourhoods U;, of A; in V and U; of Az in V such that f(x,.)-may be extended 
for fixed x in A, to a function f(x, z) holomorphic for z in Az with |f(x, z)| < M, 
while f(.,y) may be extended to a holomorphic function f(z, y) on U, for 
fixed y in Az with |f(z, y)| < M for all z in U;, y in A». However, these are 
precisely the hypotheses of Theorem 1 of Browder (2) in order that f should 
be analytic on G; X Ge, and thus the Lemma is established. 


LemMMA 5. Let k, , be a distribution on V X V, infinitely differentiable off the 
diagonal. Let G, and G2 be two open subsets of V with disjoint compact closures. 
Then for each x in G,, y in Go, 


hee L(é,) (x), 
key ‘L(6z) (y). 


Proof. Since k,., is infinitely differentiable off the diagonal, & is infinitely 
differentiable on G; X Go. It follows that 


L(6,) (x) = (Rew 5, (y1)) =k, 


The other equation follows similarly. 


Proof of the Theorem. Let G,; and Gz be any two open subsets of V with 
disjoint compact closures. It suffices to prove that k,,, is analytic on G; X Go. 
Let &’(G,) be imbedded in €’(V) in the natural way. Then for each u in 
€’(G,), u realized as an element of &’(V) is analytic (in fact identically zero) 
on G2. Thus ‘Lu restricted to G2 lies in U(G2). Let T be this restriction. By 
Lemma 3, T is a continuous mapping of €’(G,) into &(G2). Consider 


#,(x) = (‘Z) (6). 
®, is a continuous mapping of G, in %(G2). Similarly, if 4, is given by 
2(y) = L(é,), 


, is a continuous map of G2 into U(G,). But k,,, = &,(x)(y) = #2(y) (x), 
by Lemma 5. 

Hence, by Lemma 4, k,,, is analytic on G; XK Gs, and the proof of Theorem 
1 is complete. 


The above proof of Theorem 1 may be applied with purely formal changes 
to establish the following: 





. 
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THEOREM 2. Let V and W be two paracompact real analytic manifolds, L a 
mapping of ©'(W) into E(V), ‘L the dual map of &'(V) into €(W). Suppose 
that L(G’(W)) and 'L(@’(V)) are composed of real analytic functions. Then 
the kernel k,, of L is analytic in V X W. 


2. We state without going into detail a simple generalization of the results 
of §1 to general kernels, which may be used in particular for the integral 
kernels associated with hyperbolic boundary value problems. We shall 
return to this question in another place. 

If A is an open set of the real analytic manifold, V, we designate by €,'(V) 
the subspace of €’(V) of distributions which are analytic on some neighbour- 
hood of A in V. 

We shall consider a distribution kernel k,, on V K W, L and ‘L the 
associated mappings, with L mapping D(W) into D’(V), ‘L mapping D(V) 
into D’(W). 


DEFINITION. Let y be a point of W. The closed subset A of V is said to bea 
domain of dependence for y with respect to 'L if there exists a neighbourhood U 
of y in W such that 'L can be extended to a continuous mapping of €,'(V) into 
D’(U) (restricting the values of 'L to U), such that the image ‘L(G,'(V)) is 
composed of functions analytic in U. A similar definition may be given for a 
domain of dependence A’ for x in V with respect to L. 


DEFINITION. The point (x,y) in V X W is said to be regular with respect to 
L provided that there exists a domain of dependence A for y with respect to 'L 
which does not contain x and a domain of dependence A’ for x with respect to 
L which does not contain y. 


THEOREM 3. Let k,., be a distribution kernel, R the set of points in V K W 
which are regular with respect to k,,, (that is, regular with respect to the corre- 
sponding mapping L of which k,. is the kernel). Then R is an open subset 
of V X W, and k, , is analytic on R. 


The proof of Theorem 3 is a simple variant of the proof of Theorem 1. 
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REAL ANALYTIC FUNCTIONS ON PRODUCT SPACES 
AND SEPARATE ANALYTICITY 


FELIX E. BROWDER 


Let f be a function on the product space V X W, where V and W are 
analytic manifolds, both either real or complex. The function f is said to 
be analytic (or bi-analytic) on V X W if it is analytic in the analytic structure 
induced on V X W by the corresponding structures on V and W. The function 
f is said to be separately analytic on V X W if, for each x in V, the function 
f(x,*) is analytic on W while, for each y in W, the function f(-,y) is analytic 
on V. In the case of complex analytic manifolds, the classical theorem of 
Hartogs (3, chapter vir) states that the two notions of analyticity and separate 
analyticity are equivalent. For real analytic manifolds, it is known that such 
an equivalence does not hold, even if one adds the additional hypothesis 
that f is infinitely differentiable on V XK W. 

It is the purpose of the present paper to establish a positive criterion for 
bi-analyticity in terms of the analytic properties of f in its separate variables. 
There are several equivalent forms in which we may state this criterion. The 
most direct of these is the following: 

(A) Consider V and W as imbedded in V and W, their complexifications which 
are complex analytic manifolds.* Let K, and Kz be compact subsets of V and 
W, respectively. Then there exists a neighbourhood U, of K, in V and a neigh- 
bourhood U. of Kz in W and a constant M (depending on K, and Ke) such that 
for each x in Ky, the function f(x,:) on Kz may be extended to a complex analytic 
function f(x, 2) on Us for which |f(x,2z)| < M, 2 © Us, while similarly for each 
y in Ko, the function f(-,y) on K, may be extended to a complex analytic function 
f(z, y) for z in U, for which |f(z, y)| < M,2€ U4. 

Our study of this problem arose from a question raised by de Barros-Neto 
in connection with his investigation (1) of the structure of distribution kernels 
(in the sense of Schwartz) which are analytically very regular; the application 
of our result (Theorem 1 below) to such kernels is carried out in a joint paper 
by Barros and the author which appears immediately after the present paper 
in the same issue of this journal. 

The criterion (A) is of local character, as follows easily from the elementary 
properties of holomorphic functions. We therefore may give another equiva- 
lent form if we assume that V and W each lie in a single co-ordinate patch, 
and therefore without loss of generality, that V and W are E" and E”, 
respectively. 

Received August 3, 1960. The author is a Sloan Fellow. 

*As defined, for example, by Bruhat and Whitney, Comm. Helv., 33 (1959), 132-60 
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(B) There exists a constant Cy such that for all x in V, 


(2) (2)... 2) sen] < .(5-,)! 


and for all y in W, 
(2y (2.7 (2) | ( 
\{ — — = 2 + (Zaj) 
dxi/  \ dx, ‘ar ayer: 2X «,) ' 
THEOREM 1. Let f(x, y) be a Borel measurable function on the product V XK W 


of two real analytical manifolds V and W such that f is separately analytic on 
V X W and satisfies condition (A) above. Then f is analytic on V X W. 





Proof of Theorem 1. Since analyticity is a local property, we may assume 
without loss of generality that V and W are open subsets of Euclidean spaces. 
Introducing dummy variables into the space of lower dimension, we may 
suppose that both V and W lie in E* for some integer n, and that they both 
contain the origin O. We need only prove that f is analytic at (O, QO). 


We introduce the usual notation for partial derivatives, setting 


= 0 
D,=i'— 
‘ Ox ; 
for l<j<n, 
n 
a a 
pD* = |] D; 
j=1 
for any n-tuple a = (a,...,a,) of non-negative integers, 
n n 
a= )) a,a! = [] (@,)! 
j=l j=l 


If h is a function of two variables x and y in E", we indicate derivatives with 
respect to the x-variables by D,* and derivatives with respect to the y-vari- 
ables by D,’. 

If condition (A) holds, it follows immediately from the Cauchy integral 
formula for polycylinders that on some neighbourhood of (O, O) we have 
inequalities similar to those of condition (B), that is, 


(C) There exists a constant co such that for all a and 8, 


sla 
0 


|Def (x; WIi< co al <C a|! 

DEF (x, yl < cla! < Cy 'lal! 

Since f is Borel measurable on V X W and uniformly bounded on the 
neighbourhood N for which the bounds of (C) hold, it follows easily that 
its distribution derivatives D,*f and D,'f coincide with the derivatives of f 
taken as a function of x with y held fixed and of y with x held fixed. It follows 
then from the bounds of condition (C) that on a fixed neighbourhood of 
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(O, O), all the derivatives D,*f and D,’f are bounded functions. In particular, 
we know that {(4,)’ + (A,)’}f is bounded for every positive integer r, 
(4 = — > ,D). It follows from the standard regularity theorems for solutions 
of elliptic partial differential equations that D,“D,/f lies in L,.2(N) for every 
a and 8, and hence by the Sobolev Imbedding Theorem (Schwartz (4), vol. 2) 
f is infinitely differentiable in N. 

We now remark that to prove that f is analytic at (O, O), it suffices to 
show the following: 


(C’) There exists a constant c, such that for all a and 8, 
|(D=D$f)(O, O)| < ci*'*"*'(\a|+|a|)! 
Indeed, suppose that (C’) holds. Then we may form the power series 
file, 9) = De (al) (Dip) 0, O)x* 


where 


n n 


x* = I] x4, y’ on yf, 
j=l j=l 
If the inequalities (C’) hold, the power series for f; may be majorized by 
the series 


X (at) ayes! (lal +l) le l*Lyl* 


where 


The majorizing series is the expansion of the function 


-1 
(- calslteslals) 
J 


which converges for x and y sufficiently small. It follows that f;(x, y) is an 
analytic function of (x, y) on a suitably small neighbourhood of the origin 
(O, O). On the other hand, for every a and 8, 


(DED#f)(O, O) = (D2D$f,)(O, O). 


The functions f(-,y) and f:(-,y) are both analytic on a neighbourhood of O 
and have the same x-derivatives at O. Hence f(x, O) = f;(x, O) for |x| < do. 
Similarly, D,ff(x,O) = (D,*f:)(x, O) for |x| < do. Finally, for x held fixed, 
f(x,*) and f;(x,-) are both analytic in a neighbourhood of the origin and 
have the same derivatives at y = O. Hence f(x, y) = fi(x, y). for all (x, y) 
near (O, O). Thus in order to show that f is analytic near (O, O) it clearly 
suffices to prove the inequalities (C’) for some value of the constant ¢). 

To carry through the latter proof, we may assume after making a linear 
change of variables (which will only affect the constant co in condition (C)) 
that the inequalities of (C) hold on the cube 
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R= {\xJ <1, lyi <1, 1<j<n}. 
We define the function of a single real variable 
(0,  |s] > 1 
fo(s) - i |s| < 5 
2 — 2s, 4 < |s| < 1. 


The function {> is clearly continuous and piecewise continuously differentiable. 
Using fo, we define the auxiliary function {(x, y) on E* X E" by 


f(x,y) = IT So(xy) . IT So(y,). 
For each positive integer r, we let 
or(x, y) = (¢(x, y))"**. 


For each r, the function ¢,(x, y) is (r + 1)-times continuously differentiable 
on E" X E" and has its support contained in R. 

As another piece of auxiliary equipment, we consider for each sufficiently 
large integer m, the partial differential operator with constant coefficients on 
E" X E" defined by 


A om - (— A,)" + (— 4,)” + Il, 


We construct an elementary solution for A2, on E* X E" by a Fourier 
transform. Let 


(x, £) _ Zz x 5k; 


i 


for x and & in E*. Then we define the function ¢é2,(x, y) on E" X E" for 
2m > 2n by 


(1) emm(e, ») = ff explite, &) + ify, €) (el + le + Dae ae’ 
z* | ad 

The integral converges uniformly on E* X E". We verify immediately by 
taking Fourier transforms (in the sense of tempered distributions of Schwartz 


(4)) that for every function v in C’"(E" X E") with support in R, we have 


(2) v(x, y¥) = J conte — X1, ¥ — ¥1)(Aomd) (1, ¥1)dxidyi; ((x, y) € R)). 
R 
Let a and £8 be two indices of differentiation with |a| + |8| < 2m — 2n. We 


verify by inspection that we can differentiate the integral defining ¢2, in 
equation (1), (\a| + |8|)-times obtaining 


(3) (DeDiem) (x, 9) = ff ee) explite, &) + i, #118" 
+ |e)" + 1)"de de’. 
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It follows from (3) that (D*D,%e2,) is continuous and bounded for |a| + || 
< 2m — 2n, with 


(4) |DiDyeom(x, ¥)| < JS te je" "(lel™ + |e") + 1)~"dede’ = K(m, n) 


where, by the inequality 


* jlaly 7 1B) as ila|+/s 8 : pr| lel+ B\ 
(5) lg) Ig < g| +o : 


we know that 


2 


(6) K(m, n) < (lg 2m—2n + \¢” 2m—2n—1 oli 1)(\é -_" e”|*"+-1) dé dé’, 
e Ere RE" 


and the integral on the right side of the inequality (6) is bounded by 


(7) 5f f (ig|™** +. Je"|*** + 1) dé dé’, 
J end En 
which is independent of m. Thus we have for all (x, y) in BE" X E", 


8 . 
(8) |DED om (x, y)| < K(n) 
for |a| + |8| < 2m — 2n. 
Differentiating the equation (2) under the integral sign |a| + |8| times, we 
obtain for |a| + |8| < 2m — 2n, 


(9) D*D%o(x, y) = f (DiDgeom) (x — x1, 9 — ¥1)A amd (x1, ¥1) dx1 dy, 
/R 


which yields, since the measure of R is exactly 1, the inequality 
(10) | D2Dfo(x, y)| < K(m) supca; yi) ex!A md (1, V1) 


for (x, y) in R and jal] + |8| < 2m — 2n. 
We apply the inequality (10) to the given function f(x, y) by setting 


v(x, y) = f(x, ¥)fom(x, y). 
We put (x, y) = (0,0) on the left-hand side of the inequality (10) and 
obtain, since {2 is identically equal to 1 on a neighbourhood of (O, O), that 


(11) (D2D'f)(O, O)| < K(n) supcey>ex|A om(S2m(x, ¥) «f(x, y))|. 
Let us examine the term on the right of the last inequality. It follows from 
the definition of A>,, that 
A am(Samf) = {(— Az)™ + (— Ay)™ + 1} Somf) = Som 
{(- A,)™ + (-— A,)™ + I} f + Ri, 
where the remainder term R; is of the form 


(12) R= p> CapD2(t 2m) DEF + p> CapD9(t2m)D5f. 


a, e, 
ja |+|[8|—2m,\a|>0 ja |+|8 —2m ,la|>0 
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The derivatives of {2, are considered only on the set where fo, is equal 
neither to 0 nor to 1. On this set f2,, is a polynomial of degree (2m + 2) in 
each variable. It follows from an easy application of a well-known theorem 
of Bernstein that for all (x, y) in R, |a| > 0, 


(13) | (Ditom) (x, y)| < (2m + 2)"*'2™, 
and 
(14) |(Ditam) (x, ¥)| < (2m 4+ 2)'*'2'*. 


We now estimate R;. The expansion of (— A,)” in elementary differential 
operators has m™ terms with coefficient 1. Each of these terms applied to a 
product w ;w2 can be written as the sum of 2°" terms of the form D*w,D®w, 
with coefficient 1. Hence the sum of the coefficeints 


pH Ca P| 
a8 


in equation (12) is less than 2°"”". By the condition (C) and inequalities 
(13) and (14), it follows therefore that (assuming ¢» > 1) 


- ‘ ‘ 2 2. ‘ ‘ 2m 2 
(15) R,| < 2(2n)""Co"(2m + 2)°"2™. 
A similar, but sharper, estimate holds for the term f2,A2nf. Combining these 


estimates, we obtain finally for |a| + |8| < 2m — 2n 


(16) | (D2D8f)(O, O)| < pu(nC)®(2m)™( 1 + 2) ; 


2n 
By Stirling’s formula, however, we know that 
(2m)! ~ (44m)! (2m)?"e2". 
Hence there exists an absolute constant k such that 
(2m)*" < ke?" (2m)! 


We obtain, 


(17) |(DEDSf)(O, O)| < k koe* (4nCoe)*" (2m)! < (4nCe)™ (2m em 1)! 
(2m — n — 1!)ci""""'(2m — n — 1)! 

if ja] + |8| = 2m — 2n — 1, and similarly, 

(18) | (D&DSF)(O, O)| < ci” ** (2m — n — 2)! 


if ja| + |8| = 2m — 2n — 2. 

In particular, for any given a and 8, we may choose m such that either 
2m = |a| + |8| + 2n + 1, or 2m = |a| + |8| + 2n + 2. Since the inequalities 
(17) and (18) are therefore equivalent to the inequalities of condition (C’) 
for various a and 8, the proof of Theorem 1 is therefore complete. 
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THEOREM 2. Let f be an infinitely differentiable, separately analytic function 
on V X W, where V and W are real analytic manifolds. Then there exists an 
everywhere dense open subset G of V X W such that f is analytic on G. 


Proof of Theorem 2. \t clearly suffices to suppose that V and W are both 
cubes with centre at the origin in E" and to show that f is analytic in some 
open subset of V X W = R. 

For each positive integer M, let 


Su = { (x, y): (x, vy) € R, |DEf(x, y)| < M'*'a! for all a}, 
Sie = {(x, y): (x, vy) © R, |Dif(x, y)| < M"'a! for all a.} 


By the separate analyticity of the function f, each point (x, y) of R belongs 
to at least one of the sets Sy and at least one of the sets Sy,’. By the con- 
tinuity of the derivatives of f, each Sy is the intersection of closed sets and 


hence closed. Similarly each S,,,’ is closed, and so is 


Su Cr) Si- 
R is the union of the sets 

Su Cr) Sia 
and by the Baire category theorem, one of these closed sets must have an 
interior. Let R’ be a disk in 

Sau Cr) Siv:- 


Then if M; is the larger of M and M,, we have for all points of R’ and all a, 


|DS f(x, y)| < M2" 'a! 
\De f(x, y)| <1 


& 


M.'*'a! 


It follows by the proof of Theorem 1 that f is then analytic at each interior 
point of R’, and the proof of Theorem 2 is complete. 
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UNIFORM CONTINUITY OF CONTINUOUS FUNCTIONS 
ON UNIFORM SPACES 


MASAHIKO ATSUJI 


1. Introduction. Recently several topologists have called attention to the 
uniform structures (in most cases, the coarsest ones) under which every 
continuous real function is uniformly continuous (let us call the structures the 
[coarsest] uc-structures), and some important results have been found which 
closely relate, explicitly or implicitly, to the uc-structures, such as in the 
vS of Hewitt (3) and in the e-complete space of Shirota (7). Under these 
circumstances it will be natural to pose, as Hitotumatu did (4), the problem: 
which are the uniform spaces with the uc-structures? In (1; 2), we characterized 
the metric spaces with such structures, and in this paper we shall give a solution 
to the problem in uniform spaces (§ 1), together with some of its applications 
to normal uniform spaces and to the products of metric spaces (§ 2). It is 
evident that every continuous real function on a uniform space is uniformly 
continuous if and only if the uniform structure of the space is finer than the 
uniform structure defined by all continuous real functions on the space. Our 
main theorem (Theorem 1) shows an internal aspect of this necessary and 
sufficient condition, and thus it permits us to construct the coarsest uc- 
structures internally (Corollary to Theorem 1). Then it is shown that the 
coarsest uc-structures are equivalent to the e-structures of Shirota (7) on 
some kind of spaces (Theorem 2). The last section of this paper is devoted to 
characterizing, as it were, uniformly pseudo-compact spaces, a generalization 
of pseudo-compact spaces in which Theorem | is reduced to a known result, 
and the characterization is a generalization of Theorem 2 of (2). 


2. Main theorem. We shall first give some definitions used in this section. 
A function is a real-valued continuous mapping, a space S is, unless otherwise 
specified, a uniform space, and a space is said to be wc if every function on the 
space is uniformly continuous. A sequence of subsets is discrete if any point 
of the space has a neighbourhood intersecting at most one member of the 
sequence, and it is uniformly discrete if there is an entourage V of the uniform 
structure such that V(x) meets at most one member of it for any point x of 
the space. A sequence of subsets {A,} is discretely normally separated by a 
sequence of subsets { B,,} if {B,} is discrete and there is a function s/,0 < f < 1, 
for each n with values 1 on A, and 0 on the complement of B,, let us call the 
function the characteristic function for n. {A,} is uniformly separated by {| B,} 
if there is an entourage V with V(A,) C B, for all n. 


THEOREM 1. A uniform space is uc if and only if any sequence of subsets 
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{A,}, discretely normally separated by some sequence of subsets | B,}, is uniformly 


separated by {B,}. 


Proof. Suppose the space is uc and f, a characteristic function for n, then 
f = sup, inf(m, 2nf,) and g = sup, f/f, are continuous, and so uniformly 
continuous, that is, there is an entourage V such that (x, y) © V implies 
\f(x) — f(y)| < } and |g(x) — g(y)| < 4. If x is in A,, then n — } < f(y) 
<n-+4 and 3} < g(y). g(y) # 0 follows y © B,, for some m, and thus 
we have g(y) = fn(y), 4 <fm(y), m < 2mf,(y), fly) =m, n-—4<m<n 
+4, m =n, which means V(A,) C B,. For the converse, suppose f is a 
function on the space, consider the following closed intervals in the real line 
(n and k are integers and positive integers respectively): 


1’ 
«an 


[(8n + 1)/6k, (8n + 5) /6k], 
Bi, = [4n/3k, (4n + 3) /3k], 


and put A, = f~'(A,’), B, = f-'(B,’). Since {A,} is discretely normally 
separated by {B,}, there is an entourage V, with V,(A,) C B, for all n. 
Similarly, for the closed intervals 


Ci = [(8n + 5) /6k, (8n + 9) /6R}, 

Di, = [(4n + 2) /3k, (4n + 5) /3k], 
and the sets C, = f-'(C,’), D, = f-'(D,’), there is an entourage V», with 
V.(C,) C D,. Any point of the space belongs to some A, U C,. Let (x, y) 


VC Vi C\ V2, and let x belong to A,, then y is in B, and |f(x) — f(y)| 
< 1/k; similarly for C,,. 


COROLLARY. For any topological space S, the coarsest uc-structure W is 
generated by the relations 


U = (S — UA,) X (S — UA,) UU, (B, X B,), 


where {A,} is amy sequence of closed subsets, discretely normally separated by 
the sequence {B,} of open subsets. 


Proof.* lf U is as stated and V € @Wtaken such that V(A,) C B, for all n 
(by Theorem 1), then V C U; in fact, if (x, y) € V and x or y lies in U A,, 
then (x,y) € By X B, for some k, and otherwise (x, y) € (S — UA,) 
x (S — UA,), this shows V C U, and hence U € % On the other hand, 
if W = {(x, y): |f(x) — f(y)| < e} for some function f on S and some real 
e > 0, then there are, by the proof of Theorem 1, two relations U and U’ 
of the type considered such that U(\ U’ C W. Since these W generate Y, 
the same holds for the U. 

It is easily seen that the structure defined in this corollary is compatible 
with the original topology when the space is completely regular. 





*This proof, neater than the original, is due to the referee. 
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Let us now give some spaces on which the coarsest uc-structure and the 
e-structure (7) are equivalent. 


DEFINITION 1. A topological space is normally disconnected if, for any open 
set G containing any closed set A, there is an open and closed set contained in G 
and containing A. 


THEOREM 2. A coarsest uc-structure is equivalent to an e-structure in a T\-space 
S if the space is normally disconnected and at most one-dimensional. 


Proof. Obviously a normally disconnected 7 -space is normal. Suppose 
that {X,} is a countable normal open covering of a normally disconnected 
T\-space with at most one dimension, then we may assume {X,} has at most 
order 2. There is, for every m, an open and closed set /, contained in X, and 
containing X, — Uien X; Ki = My, Ky = Hy — UienH; are open and closed 
sets which are disjoint from each other. L,, = X,(\X,— (K,U K;) is 
open and closed, because, since {X,} is of at most order 2 and a point included 
only in X, belongs to Ky, Liy = S — Uni Xn — (K;, U K,). Consequently, 
|K,, Lys; 1,7 natural numbers} is an open and closed covering which refines 
| X,} and is discretely normally separated by itself. 


3. Case of normal uniform spaces and others. Using the result of 
Dowker (5, Lemma 3), we get the following statement which is a slight 
modification of Theorem 1: Jn order that a normal space is uc it is necessary 
and sufficient that if | B,} is a disjoint sequence of open subsets, if closed A, C B, 
for every n, and if _ A, 1s closed, then there is an entourage V such that V(A,) 
C B, for all n. Furthermore we have 


THEOREM 3. A normal uniform space is uc tf and only if any discrete sequence 
of subsets is uniformly discrete. 


Proof. Let {A,} be discrete in a normal uc-space, then we have, by a simple 
induction, a disjoint sequence of open subsets B, containing A,, for every n, 
and, by the above remark, an entourage V such that V(A,) C B,, that is, 
V(A,) (\ A, = @. To prove the converse, let {B,} discretely normally 
separate {A,} in a space S satisfying the property in the assertion, then there 
are entourages V,; and V2 with V,(B,)(\B, = 0, m# n, V2(U A,) 
(\(S — \UB,) = @, and we have V(A,) C B, for VC V;\ Ve and for 


each n. 


DEFINITION 2. A sequence of subsets | A,} is said to be shrinking (or uniformly 
shrinking) if A,° (interior of An) D Ans (or An D V(An41) for some entourage 
V) for every n. 


THEOREM 4. A normal uniform space is uc if and only if any shrinking sequence 
of subsets {A,} with vacuous intersection is uniformly shrinking. 


Proof. Suppose a normal space S is uc and put F, = Aa; — Aa®, then 
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| F,} is discrete and there is a discrete sequence of open subsets {G,} (5, 
Lemma 3) with F, C G, C Am-—2® — Ams, m > 1, Ao = S. Similarly, for 
the discrete {H,}, H, = Am — Am+1°, there is a discrete {K,} of open subsets 
with H, C K, C Aan-1° — Ammsz. There is, by Theorem 1, an entourage V 
with V(F,) C G, and V(H,) C K, for all n. If a point x of A, belongs to A,, 
and not to Amsi, and when m = 2k — 1, then x € F,, V(x) CG C Ax? 
= A,_,° C A,-1; when m = 2k, then x € Hi, V(x) C Ke C Az-i® = Ap-i® 
C A,-;. In any case, we have V(A,) C A,-:. Conversely, for a discrete 
sequence of closed subsets { A,}, there is an open discrete {B,} with B, D Ay. 
For every m we can make up a sequence of 2m — 2 open sets C,‘ such that 
{B,, C,', C,?,..., C,"-*, A,} is shrinking, and put 
Fm1 = A,U (UCT), 


i->n 
F, = UC?. 
in 
Since {B,} is discrete, { F,} is shrinking, so that there is an entourage V with 
V(F,) C F,-1, that is, V(A,) (\A, = @. 


COROLLARY. A normal space is uc if and only if for any decreasing sequence 
ee eee 2 ee] ee Pe 


of closed F, and open G, with vacuous intersection, there is an entourage V with 
G,-1  V(F,) for n > 2. 


We shall now apply Theorem 1 to find the condition under which the 
product space of metric spaces is uc. We already know the various equivalent 
conditions a metric space to be uc (1; 2), which are of course easily verified 
also by using the above theorems. Let us recall some of them for later use; for 
this, it is convenient to define the following. A subset A of a space S is said to 
be uniformly isolated in S if there is an entourage V in S such that for every 
point x in A, V(x) contains no point of S except for x. 


THEOREM 5 (2, Theorem 1). A metric space S is uc if and only if it satisfies 
one of the following equivalent conditions. 

(i) A set of all but finitely many members of a discrete sequence of points in S 
is uniformly isolated in S. 

(ii) A set of all but finitely many points of the subset which has no accumulation 
point in S is uniformly isolated in S. 


LemMa. If a product space S = I1,.2S, is uc, then so also is S’ = UgyS, 
for any Y C Z. 

Proof. We may suppose S’ is a uniform subspace of S. We can make up, 
from a function f on S’, an extension g over S by defining g(x) = f(x’) for 


every x of S, where x’ is a projection of x on S’. 


THEOREM 6. A product space S of infinitely many metric spaces S, is uc if 
and only if 
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(i) S ts compact, or 

(ii) all but finitely many factor spaces are one-point-spaces and (1) all are 
uniformly isolated or (2) all are finite except for one which is a non-compact and 
non-uniformly isolated uc-space. 


Proof. The verification of the “‘if’’ part is obvious, and is hence passed over. 
Let us suppose S is uc and not compact, and so there is a factor space, say So, 
including a discrete sequence {x,} of points; we may then, by the Lemma and 
Theorem 5, assume that every x, is isolated. When there is a countable number 
of spaces S,, S:,..., every one of which includes two points at least, we 
take a neighbourhood G, of a point y, in S, for every » # 0 such that S, 
includes a point which does not belong to G,. 

H, = (%») XGiX...XG,xX [] Si, 
aeZin 

where Z(m) is the set of all indices excepting 0, 1,..., , is a neighbourhood 
of a point p, of S whose projection on So (or S;,1 <i <n) is x, (or y,). 
{pn} is discretely normally separated by {H,,}, but we cannot find an entourage 
V in S such that V(p,) C H, for all n. Consequently all but finitely many 
factor spaces, for example, excepting So, S;,...,5,, are one-point-spaces. 
If S;,i #0, has an accumulation point, then S») X S; includes a discrete 
sequence of points which are not isolated, this, by Theorem 5, contradicts the 
Lemma. Therefore all S; except Sp have no accumulation point, that is, 
uniformly isolated by Theorem 5. If Sy has no accumulation point, it is also 
uniformly isolated. If Sp has an accumulation point, S;,7 # 0, cannot have 
infinitely many points just as above. 


4. Remarks. The condition in order that every bounded function on a 
space is uniformly continuous is well known (6), so Theorem 1 is essentially 
new for a non pseudo-compact space. In a uc-space, pseudo-compactness 
follows from precompactness, which is generalized in the following definition. 
The generalized concept closely relates to a property of a uniform space, which 
may be called uniform pseudo-compactness, as shown in Theorem 7, a 
generalization of Theorem 2 of (2). 


DEFINITION 3. Let V be an entourage. The finite sequence of points 
Xo, X1,...,Xm Satisfying (x 4-1, X;) V is said to be a V-chain with length m. 
If for any entourage V there are finitely many points p,,..., Pp, and a positive 
integer m such that every point of the space can be bound with some p,; by a V-chain 
with length m, that is, 


j 


U V"(p,) = S, 
i=1 
then the space 1s said to be finitely chainable. 


THEOREM 7. A uniform space is finitely chainable if and only if every uniformly 
continuous function is bounded. 
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Proof. The verification is essentially similar to that of Theorem 2 of (2). 
We shall verify the “‘if’’ part only. Suppose a uniform space is not finitely 
chainable, and so there is an entourage V such that for any finite number 
of points and any positive integer m there is a point which cannot be bound 
with any one of the points selected above by a V-chain with length n. Let 
Ao® be a set consisting of a fixed point, and 


AS = V(At'), Ve = V, VaVu C Ve-1, Va’ = Vo, 


Poet Te Rte, Oa <<  e.. Stn 


i=1 


then the function 


_.. . Ssupf{t;x ¢U(AT')}, 
fa(x) = Lo on A> 


is uniformly continuous (cf. (8, proof of Theorem 1, p. 13)). 
(1) When A," # A," for all m. Let us put f(x) = »n —1+/f,(x) for x 


n 1 


belonging to A," and not to A," 
Ay = U, Ao". To see this, let us suppose y is in V,,(x). Then y belongs to 
At and not to Ao"~*. (i) If yisin Ao", then f(y) = nm — 2 + fa_i(y) < f(x); 
fa_1(y) <1 — 2-" =¢ implies y € U,(Ac**), x € VaU,(Ac*?) CAc™', a 


contradiction; so we have f,-:(y) > 1 — 2-". Therefore |f(x) — f(y)| = f(x) 
— f(y) < 2-™". (ii) If y belongs to Ao" and not to Ao", then f(y) = » — 1 
+ faly), f(x) — f(y)| = L(x) — fa(y)| < 2-"*'. (iii) The remaining case for 
y is similar to (i). 

(2) When A," = Ag" for some n. If we can make up an unbounded 


, then f(x) is uniformly continuous on 


function which is uniformly continuous on A, constructed from a point of 
the complement of A, in the similar way to (1), our proof will be complete. 

(3) When we cannot get a desired function on A, obtained in the same 
way with (2) for every natural number m, then we put f(x) = m for x in A» 
and = 0 otherwise. Since the space is not finitely chainable, the function 
is unbounded and uniformly continuous. 
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ON NORMED ALGEBRAS WHOSE NORMS SATISFY 
POLYNOMIAL IDENTITIES 


SILVIO AURORA 


1. Introduction. In this note we are concerned with normed algebras 
over a non-discrete field with absolute value. The norm, NV, of a normed 
algebra A is said to satisfy a polynomial identity on a subset B if there is a 
polynomial P(f;, ..., ¢,) such that P(N (x)),..., N(x,)) = N(P(x1,...,,)) 
whenever x;,...,X, are in B, where the polynomial has rational integer 
coefficients, degree greater than 1, constant term zero, and non-negative 
coefficients for each term of highest degree. It is shown in Theorem 1, following 
a method of proof used by Kadison in (6, § 7), that if the norm of a normed 
algebra satisfies a polynomial identity on the entire algebra, then the norm 
is power multiplicative. (That is, then N(x)? = N(x?) for all x.) 

As incidental by-products of this result, some corollaries are obtained which 
are related to Ostrowski’s results in (8) and to Mazur’s Theorem (7, Theorem 
1). For example, Corollary 3 of Theorem 1 shows that if a normed division 
algebra A, over the real field normed with some power of its ordinary absolute 
value, has a norm which is stable (in the sense of (3)) and which satisfies a 
polynomial identity on A, then A is isomorphic, as a real algebra, with the 
real field, or the complex field, or the division ring of all real quaternions. 
(Compare with Mazur’s Theorem 1 in (7).) 

Gelfand’s algebraic characterization (5) of a semi-simple, commutative, 
complex Banach algebra with unit element, as an algebra of some of the 
continuous complex-valued functions on a suitable compact space, is well 
known. (Compact spaces throughout this note will be Hausdorff spaces for 
which every open covering has a finite subcovering; that is, we follow the 
definition employed in (4).) A related result is obtained in Theorem 2 of 
this note, where it is shown that if a connected, commutative normed algebra 
A over a non-discrete field contains a non-zero element j such that j?x + x = 0 
for all x, and if the norm of A satisfies a polynomial identity on A, then A is 
algebraically and topologically isomorphic to a ring of some of the continuous 
complex-valued functions on a suitable compact space. Here the assumption 
that the norm satisfies a polynomial identity is stronger than assuming semi- 
simplicity of the algebra, while the assumption that the element j exists is 
weaker than assuming that the algebra is a complex algebra with unit e, 
since i - e could be taken as 7 in a complex algebra with unit. 

One particular consequence of Gelfand’s result quoted above was that (5, 


Received August 9, 1960. Portions of this paper were written while the author held an 
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Satz 16, Folgerung 3) a commutative, complex Banach algebra A with unit 
element, such that the norm of A satisfies the condition N(x)? = N(x*) for 
all x in A, may be identified with the algebra of all continuous complex-valued 
functions (with the usual supremum norm) on a suitable compact space, 
provided that A ‘contains conjugate functions”’ of all its elements. In Theorem 
3 of this note a similar result is obtained under much weaker assumptions; it 
is shown that a complete normed algebra which satisfies the hypotheses of 
Theorem 2 (given in the preceding paragraph), and which ‘“‘contains conjugate 
functions’ in an appropriate sense, must be algebraically and topologically 
isomorphic to the ring of all continuous complex-valued functions on a suitable 
compact space. 

An interesting feature of the proofs is the use of Ostrowski's results (8) at 
several points where the standard practice in obtaining comparable results 
for Banach algebras is to rely on Mazur’s Theorem (7). This change appears 
necessary since our hypotheses do not seem to permit the immediate use of 
Mazur’s Theorem. 


2. Preliminaries. We shall consider in the sequel normed algebras, usually 
with unit element e, over non-discrete fields with absolute value. (For basic 
terminology, see (4, chapter 1x, § 3, no. 7).) The normed algebras to be 
studied will be subjected to conditions on their norms similar to those imposed 
in (3); it is assumed that the material contained in that paper is known to 
the reader. 

Every normed algebra is a metric ring; such words as homomorphism and 
isomorphism will be understood to refer only to the ring structure of the 
algebras under consideration, unless the contrary is indicated. A norm-pre- 
serving isomorphism of a metric ring R into a metric ring R’ will be called 
an isometry of R into R’; if there is an isometry of a metric ring R onto a 
metric ring R’ we shall say that R is isometric to R’. 

A polynomial P(f:,...,{£,) in the r indeterminates ¢,.. 
called regular if it has rational integer coefficients, constant term zero, degree 
greater than 1, and if every term of highest degree has a non-negative co- 
efficient. The number of indeterminates which actually appear in a regular 
polynomial will be called the rank of the polynomial, while the degree of the 
terms of lowest degree in a regular polynomial will be called the order of the 
polynomial. It may be noted that the rank and the order of a regular poly- 
nomial are both positive integers. 


., <r will be 


In every ring it is possible to define, in an obvious way, multiplication of 


ring elements by rational integers. It follows easily that if P(f1,...,f,) is 
a regular polynomial, and if x;,...,x, are elements of a ring R, then there 
is defined an element P(x,,...,x,) belonging to RX. If N is a pseudonorm 


for a ring R and B is a subset of R such that there is a regular polynomial 
P(i,...,¢7) for which P(N (x,),..., N(x-)) = N(P(x1,...,%,)) whenever 
X1,...,%X, are in B, then we shall say that NV satisfies a polynomial identity 
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on B. Any terminology applicable to regular polynomials will also be applied 
to situations in which a pseudonorm satisfies a polynomial identity, in order 
to describe the polynomial involved in the identity. 

Polynomial identities have been imposed upon the norm of a metric ring 
in several instances in the past. For example, Os‘rowski confined himself in 
(8) to fields having a norm WN such that N(x;)N(x2) = N(x.x2) for all x, 
and x2; this is equivalent to assuming that JN satisfies on the whole field the 
polynomial identity involving the regular polynomial P({,, f2) = £1-f2. In (3) 
pseudonorms N were considered such that N(x)? = N(x?) for all x, and this 
is the same as saying that WN satisfies on the whole ring the polynomial 
identity corresponding to the polynomial P(¢) = ¢*. This latter polynomial 
identity is quite typical, and we shall show that, under reasonably general 
conditions, the norm of a normed algebra must satisfy this particular poly- 
nomial identity on the algebra if it satisfies a polynomial identity on the 
algebra. 

First, we note that if a pseudonorm N satisfies a polynomial identity on 
a set B, then N satisfies a polynomial identity of rank one on B. For, if 
P(N (x,),..., N(x,)) = N(P(x1,...,%,)) whenever x;,...,x, are in B, then 
P(N(x),..., N(x)) = N(P(x,...,-)) for all x in B; that is, N satisfies the 
polynomial identity Q(N(x)) =N(Q(x)) on B, where Q(¢) = P(f,..., 6) 
is clearly a regular polynomial having the same degree as P, and with order 
at least as large as that of P. Thus, we may always pass from a general 
polynomial identity to one of rank 1. The next step is to show that, under 
appropriate conditions, we may then pass to the specific polynomial identity 
N(x)? = N(x*), which has already been investigated in (3). 


THEOREM 1. Let A be a normed algebra, with norm N, over a non-discrete 
field K with absolute value, such that N satisfies a polynomial identity on A 
(or a polynomial identity of order greater than 1 on a neighbourhood of zero in 
A). Then N is power multiplicative; that is, N(x)? = N(x*) for all x in A. 


Proof. Because of the remarks made above, we may assume that the poly- 
nomial identity satisfied by N has rank one, say P(N(x)) = N(P(x)) for all 


x. If P has degree m and order n, with P(¢) = ao-{" +... + a,-¢", where 
s = m — n, then for x in A and non-zero k in K, kx is in A, and therefore 
P(N(kx)) = N(P(kx)). If || || is the absolute value for K, then N(kx) = 


||R||- N(x), so that P(||R||-N(x)) = P(N(kx)) = N(P(kx)) for xin A andka 
non-zero element of K. If P(||k||-N(x)) = N(P(kx)) is written explicitly, 
we obtain: 
(1) a+ ||R||"-N(x)™ +... +.,°- ||R||"- N(x)" 

= N(ao+k™ +x" +... +a,° kh": x"). 


If we divide by ||k||" = ||R"||, we have: 


(2) ao-N(x)™ +... + .,- ||R||-°-N(x)* = N(ao- x" +... +a,-k*- x"), 
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where division by ||k"|| was effected on the right side of the equation by 
moving k” within the parentheses and there carrying out the division by k”. 

Let ||k|| tend to infinity in (2), so that ao- N(x)" = N(ao-x") for every 
fixed x in A. Then ao- N(x)" = N(ao-x”) < ag: N(x™) < ag- N(x)™-*- N(x), 
and division by ag: N (x)"~* yields N(x)? < N(x?). But N(x?) < N(x)? always, 
whence N(x)? = N(x?) for all x; thus, NV is power multiplicative. 

In case we make the alternative assumption that NV satisfies a polynomial 
identity of order greater than 1 on a neighbourhood U of zero in A, then 
for a fixed x in A we have kx in U whenever ||k|| is sufficiently small. This 
means that (1) applies in this situation, with m > 1. The procedure is now 
similar to that followed previously, except that we work at the other end of 
the polynomial. Thus, we divide (1) by |||" = ||k"|| and then let |{k|| tend 
to zero. This gives us a,- N(x)" = N(a,-x") for all x. 

N is obviously power multiplicative if A consists solely of the zero element, 
and it will therefore suffice to complete the proof only for the case in which 
A contains an element different from zero. If there is a non-zero x in A, then 
a,: N(x)" # 0, and therefore NV (a,-x") # 0 for such an x. Thus, the right side 
of the equation a,- N(x)" = N(a,-x") is positive, so that the left side is 
positive, and a, is then positive. Then for every x in A we have a,- N(x)" 
= N(a,-x") < a,- N(x") < a, N(x)" N(x’*). Division by a,:N(x)"-? shows 
that N(x)? < N(x’), and consequently N(x)? = N(x?) for all x. That is, V 
is power multiplicative. 


CoROLLARY 1. Let A be an archimedean normed division algebra, over a 
non-discrete field K with absolute value. If the norm of A is stable and satisfies 
a polynomial identity on A (or a polynomial identity of order greater than 1 on 
a neighbourhood of zero in A), then A is isomorphic to a division subring of the 
division ring Q of all real quaternions. If, in addition, A is commutative, then 
A is isomorphic to a subfield of the field € of all complex numbers. 


COROLLARY 2. Let A be a connected normed division algebra, over a non-discrete 
field K with absolute value. If the norm for A is stable and satisfies a polynomial 
identity on A (or a polynomial identity of order greater than 1 on a neighbour- 
hood of zero in A), then A is isomorphic to a division subring of 2. If, in addition, 
A is commutative, then A is isomorphic to a subfield of ©. 


The theorem shows that the norm is power multiplicative in both corollaries, 
so that the conclusions in the second sentences of these corollaries follow 
from (3, Theorem 8, and Corollary 2 of Theorem 6). The final sentence in 
each corollary follows from the fact that every commutative subring of 0 
is contained in a maximal commutative subring, for it is easily demonstrated 
that every maximal commutative subring of © is isomorphic to €. 

An interesting special case of Corollary 2 occurs when the algebra is a 
normed algebra over the real field. First, if p is a real number such that 
0 < «<1, the symbol R® will denote the field of all real numbers, with 
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the pth power of the ordinary absolute value taken as a norm for R”. It is 
easily established that each ®R is a connected, complete field with absolute 
value. Then every normed algebra over R is connected since R® is con- 
nected. This would yield a special case of Corollary 2, but it is possible to 
obtain a stronger conclusion when connectedness of the algebra is replaced 
as a hypothesis by the assumption that the field K of scalars is a field R®. 


CoROLLARY 3. Let p be a real number such that 0 < p < 1, and let A bea 
normed division algebra over KR, such that the norm for A is stable and satis- 
fies a polynomial identity on A (or a polynomial identity of order greater than 
1 on a neighbourhood of zero in A). Then A is isomorphic, as a real algebra, 
to the algebra KR of all real numbers, or to ©, or to Q. 


Proof. lf N is the norm for A then JN is power multiplicative, by Theorem 1, 
so that Corollary 2 of Theorem 2 in (3) shows that there is an absolute value 
N’ subordinate to N. 

Let a be a non-zero real number, and let e be the unit element of A. Then 


N'(a-e) < N(a-e) = |al*-N(e) = |a\*. Similarly, N’(a~'-e) < jam'|* = Jal-*. 
But 1 = N’(e) = N’((a-e)(a~'-e)) = N’(a-e)N' (a -e) < Ja\*-|a|-* = 1, so 
that N’(a-e) = |a|*. Thus, N’(a-x) = N’((a@-e)x) = N’(a-e)N’(x) = |al*- N(x) 
for every x in A. It follows easily that N’(a-x) = |a|*- N’(x) for every x in 


A and for every real scalar a. If A’ is the structure obtained from A by using 
N’ instead of N as the norm, then we have just shown that A’ is a normed 
algebra over KR”. 

Let A” be the completion of A’, so that A” is also a normed algebra over 
R”. Since A’ is a division ring with absolute value, A” is a division ring 
with absolute value. In addition, A”’ is connected since it is a normed algebra 


, 


over R”); furthermore, A” is complete. Theorem 11 of (2) then shows that 
there exists an algebraic and topological isomorphism ¢ of A” onto ®, or 
€, or Q. The continuity of ¢ implies that ¢ is not only a ring-isomorphism, 
but also an isomorphism as algebras over ®. Since A” is therefore a finite- 
dimensional algebra over ®, it follows that the subalgebra A’ is also a finite- 
dimensional algebra over R. The theorem of Frobenius then implies that 
the division algebra A’ is isomorphic, as an algebra over ®, to one of the 
algebras ®, €, and OQ. But A has the same underlying algebra as A’, so 
that A is also isomorphic, as an algebra over ®, to one of the algebras §, 
€, and Q. 

Corollary 3 bears some similarity to Mazur’s Theorem (7, Theorem 1), 
but the latter also assumes that p = 1, while the hypotheses of Corollary 3 
are stronger than those of Mazur’s Theorem in assuming that the norm is 
stable and satisfies a polynomial identity. The standard proofs of Mazur’s 
Theorem do not seem to be adaptable for proving the corollary, however, 
despite its similarity to Mazur’s Theorem. Gelfand’s proof in (5), using 
analytic function theory, and Tornheim’s elementary proof in (10) both 
require that the field of scalars be the real field or the complex field, equipped 
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with the ordinary absolute value. The method of proof employed by Arens 
in (1) also seems to require stronger conditions than are available in Corol- 
lary 3. 


3. Representations as rings of continuous functions. Gelfand showed 
in (5) that a semi-simple, commutative, complex Banach algebra with unit 
may be identified algebraically with an algebra of some of the continuous 
complex-valued functions defined on a suitable compact space. We shall 
obtain a result which is somewhat similar, although our hypotheses will be 
weaker in most particulars, except for replacing the assumption of semi- 
simplicity by the stronger assumption that the norm of the algebra satisfies 
a polynomial identity on the algebra. (It is easily seen that if the norm of a 
normed algebra over a non-discrete field satisfies a polynomial identity on 
the algebra, then Theorem 1 shows that the norm is power multiplicative, 
so that the algebra contains no non-zero nilpotents and is therefore semi- 
simple.) Before proceeding to our representation theorem, we first introduce 
some pertinent definitions. 

A central, non-zero element j of a ring R will be called a gaussian element 
of R if 72x + x = 0 for all x in R. The existence of a gaussian element in a 
ring always implies that the ring has a unit element; for, if 7 is a gaussian 
element in a ring R, then — 7? is a unit for R. In a complex algebra with 
unit e, the elements i-e and (— 1)-e are examples of gaussian elements. 

If p is a real number with 0 < p < 1, the symbol € will denote the field 
of all complex numbers, with the pth power of the ordinary absolute value 
taken as the norm. Then €® is a connected, complete field with absolute 
value; in particular, ©” is archimedean, in the sense of (8) or (2). If K is 
any archimedean field with absolute value, then there is a real number p, 
with 0 < p < 1, such that K is isometric to a subfield of ©. (This result 
occurs essentially in (8); an easy proof is obtained by completing K and 
then applying Theorem 11 of (2).) The isometry of K into a € is not neces- 
sarily unique, but its restriction to the prime field of K is unique, and p is 
consequently determined uniquely by K. In fact, if m is any integer greater 
than 1, then p is determined by the condition p = log, (||m||) if the absolute 
value in K is denoted by || ||. We shall refer to the number p as the exponent 
for the archimedean field K. It is clear that every subfield of an archimedean 
field K has the same exponent as K. (Lemma 14 of (2) clearly implies that a 
subfield of an archimedean field with absolute value must also be archi- 
medean; for, whether a field with absolute value is archimedean or not is 
determined by the behaviour of the absolute value on the prime field.) 

If p is a real number with 0 < p < 1, and if ® is a compact space, the 
symbol C(#; €; p) will designate the set of all continuous complex-valued 
functions x(@) defined on #, with algebraic operations defined in the obvious 
way, and with the norm N such that N(x) = sup{|x(@)|* |@ € ®} for each x 
in C(®; ©; p). Clearly, the norm in C(#; @;p) is simply the pth power of 
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the usual supremum norm and is, therefore, power multiplicative. It is easily 
verified that €(#; €;p) is a connected, commutative, complete normed 
algebra with unit, over the field C®. The topology in C(®; €; p) is evidently 
the topology of uniform convergence on ®, and each C(#; €; p) clearly con- 
tains gaussian elements. 

It is now possible to prove that a connected, commutative normed algebra 
which contains gaussian elements, and which has a norm that satisfies a 
polynomial identity on the algebra, is isometric to a subring of a C(®; @; p). 
This result is quite similar to the result of Gelfand which was described at 
the beginning of this section, but our hypotheses are clearly weaker than 
those of Gelfand, with the one exception already noted. 


LEMMA 1. Let A be a connected, commutative normed algebra, with norm N, 
over a non-discrete field K with absolute value. Suppose that N satisfies a poly- 
nomial identity on A (or a polynomial identity of order greater than 1 on a 
neighbourhood of zero in A). Then K is archimedean, and, if p is the exponent 
for K, it is possible to find for each non-zero c in A a non-zero homomorphism 
of A into ©”, such that ||\o(x)|| < N(x) for all x in A, and |\$(c)|| = N(c). 


a 


Proof. Theorem 1 shows that N is power multiplicative. 

If c is a given non-zero element of A, let -4 be the set of all power multi- 
plicative pseudonorms N’ subordinate to V and such that: (i) V’(c) = N(ce), 
(ii) N’ (cx) = N’(c)-N’(x) for all x in A, and (iii) N’ (kx) = ||R||-.N’ (x) when- 
ever k is in K and x is in A. It is easily shown that NV, belongs to . and 
that _/’is a hereditary system. The method of proof of Lemma 4 in (3) may 
be used to show that _/ contains a minimal element N’, and (3, Lemma 2) 


shows that N’ is a pseudo absolute value. Then A = A/J(N’) is an algebra 


a er a Sa *. o . ‘Sa r > 
over K; if N is the function on A such that the value N(X) assumed by A 
on the residue class X¥ (modulo I(N’)) is equal to the constant value assumed 
by N’ on the elements of X, then A becomes a commutative normed algebra, 


. ‘aa . “Sa . - z 
with norm JN, over K. Also, N is an absolute value for A, so that A has no 


proper zero-divisors. The natural mapping 7 of A onto A is a homomorphism 


of A onto A, as algebras over K, and we have N(n(x)) = N’(x) for all x 
in A. Thus, N(n(c)) = N’(c) = N(c) ¥ 0, so that n(c) is a non-zero element 
of A. 

Since A is a commutative non-zero algebra without proper zero-divisors, a 
standard procedure permits us to embed A in a field E of quotients. With 
the obvious norm N chosen for E, we obtain a normed algebra E over K, 
such that E is a field with absolute value. The natural mapping ¢ of A into 
E is a norm-preserving isomorphism of A into E, as algebras over K. The 
inequality N (n(x) — n(y)) = N(n(x — y)) = N’(x — y) < N(x — y) shows 
that 7 is continuous, so that A is connected since it is the continuous image 


of the connected set A. Also, A contains the distinct points 0 and 9(c), and 


the image of A under the continuous one-to-one mapping £ is therefore a 
connected subset of E containing more than one point. Then E is a field with 
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absolute value and is not totally disconnected; Lemma 15 of (2) implies that 
E must then be archimedean. But K may be identified with a subfield of E 
in an obvious way, and it follows that K is archimedean. 

Let p be the exponent for K, so that p is also the exponent for E. Then 
there exists an isometry @ of E into ©, and we let @ be the mapping obtained 
by applying 9, then &, and finally @. Clearly, @ is a homomorphism of A into 
C®, and ||¢(x)|| = ||0(E(n(x)))|| = N(E(n(x))) = N(n(x)) = N’(x) < N(x) 
for all x in A. Also, ||@(c)|| = ||0(E(n(c)))|! = N(E(n(0))) = N(n(o)) = N’(O) 
= N(c) ¥ 0, and this shows that ¢ is not zero since ¢(c) # 0. The proof is 
complete. 


THEOREM 2. Let A be a connected, commutative normed algebra, over a non- 
discrete field K with absolute value. and let j be a gaussian element in A. Suppose 
that the norm of A satisfies a polynomial identity on A(or a polynomial identity 
of order greater than | on a neighbourhood of zero in A). Then K is archimedean, 
and, if p 1s the exponent for K, there exists a compact space © and an isometry 
a of A into C(; ©; p), such that o(j) is the constant function i. 


Proof. Lemma 1 shows that K is archimedean; let p be the exponent for K. 

Let ® be the set of all homomorphisms ¢ of A into ©, such that (j) = 1 
and ||@(x)|| < N(x) for all x in A, where N is the norm of A. If @o is in 4, 
if x is in A, and if € is a positive number, the symbol {¢o; x; «} will denote 
the set of all @ in ® such that |@(x) — ¢o(x)| < «. Then & becomes a topo- 
logical space if the family of all sets of type {@o; x; «} is used as a sub-base 
for the topology. 

For each non-zero x in A, let Y, be the circular disc {¢| |t/? < N(x)} in 
the complex plane. The cartesian product, Y, of all the Z,, as x ranges over 
the non-zero elements of A, is a compact space since every factor is compact. 
But the space ® may be identified with a subset of Y, if the 7,-co-ordinate 
of any ¢ in @ is taken as ¢(x); the relative topology of ® as a subset of 7 
is clearly the topology which was given to ® in the preceding paragraph. It 
is easily shown that ® is a closed subset of Y, whence © is compact since 
Z is compact. 

If x is in A, define X(¢) = (x) for all ¢ in &. Then each X is a complex- 
valued function defined on #, and each X% is continuous on ® because of the 
kind of topology which was introduced in #. The mapping x — * is clearly 
a homomorphism of A into C(#; ©; ), and 7 is the constant function i. We 
have N(x) > ||¢(x)|| = |¢(x)|* = |x(¢)|* for all @ in %, and it follows that 
N(x) > sup{|x(¢)|*\@ € &} for each x in A. On the other hand, if c is a non- 


zero élement of A, Lemma 1 shows that there is a non-zero homomorphism 


x of A into ©”, with ||x(c)|| = N(c) and ||x(x)|| < N(x) for all x in A. It 
is easily seen that x(j) is a gaussian element of the non-zero ring x(A), so 
that x(j) = 7 or x(j) = — i. Let $(x) equal x(x) for all x if x(j) = 4, and 
let @(x) equal the complex-conjugate of x(x) for all x if x(j) = — 7. Then 


¢(j) = i, and ¢ belongs to . Now, N(c) = ||x(c)|| = |x(o)|* = |e(O)|* = |c(@)|*, 
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so that N(c) = sup{|c(¢)|*|\@ € &}. The mapping x—>*x thus preserves 
norms, and is therefore an isometry since its kernel must be zero. 
If the mapping x — Xx is denoted by a, then the theorem is established. 


THEOREM 3. Let A be a complete normed algebra which satisfies the hypotheses 
of Theorem 2, and suppose there is a mapping x — x* of A into itself such 
that o(x*) is the complex-conjugate of @(x) whenever x is in A and @ is in ®. 
Then the mapping oc is an isometry of A onto C(®; ©; p), such that o(x*) is the 
conjugate function of a(x) for each x in A. 


Proof. Let A = o(A), so that A is a subring of C(#; G; p). 

We note that j = «(j) is the constant function i and belongs to A. Also, 
if e is the unit element of A, then the mapping k — ke is an isometry of K 
into A, and the mapping k — o(ke) is consequently an isometry of the archi- 
medean field K into A. Then A contains a field isomorphic to the field of 


rational numbers, and so A contains every constant function on ® which 
assumes a real, rational value. But A is isometric to A and is therefore com- 
plete; thus, A is uniformly closed in C(#; €;). It follows that A contains 
every constant real-valued function on ®. Since A is a ring and also contains 
the constant function i, every constant complex-valued function on ® belongs 
to A. But A is closed under multiplication, and A may therefore be considered 
a complex algebra and a subalgebra of the complex algebra C(#; €; p). 
Next, we note that if @; and @2 are distinct elements of , then ¢;(x) ¥ $2(x) 
for some x in A, and so X(¢;) # X(@2) for such an x. That is, there is an < 


in A which distinguishes ¢; and @2; in the terminology of (9), A is a separating 
family for ®. 

Finally, [o(x*)](@) = (x*) is the complex-conjugate of ¢(x) = [o(x)](¢), 
whenever x is in A and ¢ is in ®. In other words, o(x*) is the conjugate func- 
tion of «(x), for each x in A. Then A contains the conjugate function o(x*) 
of each of its elements o(x), A is a uniformly closed i aay subalgebra of 
C(®; ©; p), and A is a separating family for #. Since j is in A and vanishes 
nowhere on @, it follows from Corollary 2 of Theorem 10 in (9) that A coin- 
cides with C(#; ©; p). Thus, o¢ is an isometry of A onto C(®; G;p), and 
this completes the proof. 


Theorems 2 and 3 describe the algebra A in terms of its ring structure 
rather than as an algebra; that is, the isometry ¢ is a ring isomorphism in 
those theorems, and not an isomorphism as algebras. This difficulty arises 
because A is not given as a complex algebra, and also because of the arbitrary 
selection of the gaussian element j to be carried by o into the constant function 
i. However, in the case of a complex algebra with unit e it becomes natural 
to expect o to carry i-e into the constant function 7; when o is chosen in 
such a way o becomes an isomorphism relative to the structure as complex 
algebras. 


LEMMA 2. Let A and A’ be complex topological algebras, such that A has a 
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unit element e, and let @ be a continuous homomorphism of A into A’ such that 
o(t-e) = 1-o(e). Then is a homomorphism of A into A’ as algebras over the 
complex field. 


The proof of this lemma is routine, and is left to the reader. 


THEOREM 4. Let p be a real number with 0 < p < 1, and let A be a com- 
mutative normed algebra, with unit e, over ©”. Suppose that the norm of A 
satisfies a polynomial identity on A (or a polynomial identity of order greater 
than 1 on a neighbourhood of zero in A). Then there exists a compact space ® 
and a norm-preserving isomorphism < of A into C(®; ©; p), as algebras over 
CG”. If, in addition, A is complete and there is a mapping x — x* of A into 
itself such that o(x*) is the conjugate function of o(x) for every x in A, then o 
is an isomorphism of A onto C(®; ©; p). 


Proof. Apply Theorem 2, with 7 = i-e. Then o(i-e) is the constant function 
i, and o is continuous since it is an isometry. Lemma 2 may be applied to 
show that o¢ is an isomorphism of A into C(#; @; p) as algebras over C”. 
The remainder of the theorem follows from Theorem 3. 

An interesting special case of this theorem merits an explicit statement 
as a corollary. 


COROLLARY. Let A be a commutative, complete normed algebra with unit e, 
over ©, and let the norm N for A satisfy the polynomial identity N(x)? = N(x?) 
on A. Then there exist a compact space ® and a norm-preserving isomorphism 
o of A into C(#; ©; 1), as algebras over ©. If, in addition, there is a mapping 
x — x* of A into itself such that o(x*) is the conjugate function of a(x) for each 
x in A, then o is a norm-preserving isomorphism of A onto C(®; ©; 1), as 
algebras over ©‘ 


This corollary was first given by Gelfand in (5, Satz 16, Folgerung 3), but 
® was defined in a completely different way there. However, the use of 
Lemma 2 would enable us to show that in this corollary ® can also be de- 
scribed as the set of all homomorphisms ¢ of A into ©, as algebras over 
€™, such that @(e) = 1, and such that |@(x)| < N(x) for all x in A. It would 
then follow that the kernel of each ¢@ in ® is a maximal ideal in A, and that 
each maximal ideal in A is the kernel of some ¢ in ®. Indeed, the mapping 
which associates with each ¢ the kernel of ¢ is a homeomorphism of ® onto 
Gelfand’s space of maximal ideals, so that there is really no difference between 
our corollary and Gelfand’s result. 

Note 1. In Lemma 1, Theorem 2, and Theorem 3, the only purpose of 
assuming that the field K is non-discrete is to make it possible to use Theorem 
1, in order to show that the norm of the algebra is power multiplicative. Thus, 
it would be possible to drop the hypothesis that K is non-discrete in these 
three results, provided that the hypothesis that the norm of the algebra 
satisfies a polynomial identity is replaced by the assumption that the norm 
of the algebra is power multiplicative. 
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Note 2. In Theorems 2 and 3, the assumption that the algebra is connected 
can be replaced by the assumption that the field K of scalars is archimedean; 
since the completion of the algebra would be a normed algebra over the 
completion of K and would therefore be connected because of the connected- 
ness of the completion of K, the conclusions of these theorems would apply 
to the completion of the algebra and therefore to the original algebra. 
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ON NORMED ALGEBRAS WHICH SATISFY A 
REALITY CONDITION 


SILVIO AURORA 


1. Introduction. Various results exist which permit real Banach algebras 
satisfying some sort of “reality condition” to be identified with the algebra 
of all continuous real-valued functions on a suitable compact space (or with 


“a 


the algebra of all continuous real-valued functions that ‘‘vanish at infinity”’ 
on a suitable non-compact, locally compact space in case the algebra has 
no unit). (Terminology follows (4), so that compact and locally compact 
spaces must be Hausdorff spaces, in addition to satisfying the usual require- 
ments.) Kadison established such a result in (6, Theorem 6.6) for any Banach 
algebra with unit, if the algebra satisfies an appropriate reality condition 
and has a norm V such that N(x)? = N(x?) for all x. Another such theorem 
was obtained by Segal in (8, Theorem 1), for commutative Banach algebras 
with unit, if the norm JW satisfies the conditions N(u*) = NV(u)*? and 
N(u? — v?) < max(V(u?), N(v?)) for all uw and v; here the second condition 
imposed upon the norm serves as a reality condition. 

In this note, we shall consider commutative, connected, complete normed 
algebras, over a non-discrete field with absolute value, such that the norm 
of the algebra satisfies a polynomial identity on the algebra in the sense of 
(3). The algebras are also subjected to a fairly strong reality condition: it is 
assumed thut whenever I is a closed two-sided ideal such that xy in I implies 
x in I or y in I, then x* + y* in I implies that x and y are in I. With these 
restrictions, it is shown in Theorem 2 that such an algebra is algebraically 
and topologically isomorphic to the ring of all continuous real-valued functions 
on a suitable compact space if the algebra has a unit, and to the ring of all 
continuous real-valued functions which “vanish at infinity’’ on a suitable 
non-compact, locally compact space if the algebra is without unit. 

The method of proof used in this note is similar to that in (3). 


2. Preliminaries. Familiarity with the contents of (2) and of (3) is 
presupposed in this note. 

If pis a real number such that 0 < p < 1, then the field of all real numbers, 
normed with the pth power of the ordinary absolute value, will be denoted 
by the symbol ®”. Clearly, R® is a connected field with absolute value 
and is complete. 

Our definitions of compact and locally compact spaces will agree with 
those in (4, chapter 1); that is, a compact space is a Hausdorff space for which 
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every open covering has a finite subcovering, and a locally compact space is 
a Hausdorff space such that each point is interior to at least one compact 
subspace. 

If © is a compact space and p is a real number with 0 < p < 1, the symbol 
C(; ®; p) will denote the set of all continuous real-valued functions x(@) on 
®, with algebraic operations defined in the obvious way, and with the norm 
N such that V(x) = sup{|x(@)|*\@ € ©} for all x in C(®; ®;p). In case @ 
is a locally compact space which is not compact, then C(#; ®; p) will be the 
set of all continuous real-valued functions on ® which ‘“‘vanish at infinity,” 
if pis a real number with 0 < p < 1; the definitions for the algebraic operations 
and for the norm remain the same as before. Then, whenever ® is a locally 
compact space and p is a real number with 0 < p < 1, the system C(®; ®; p) 
is defined and is a connected, commutative, complete normed algebra over 
R”. The norm defined on C(; ®; p) is simply the pth power of the usual 
supremum norm, and it follows that the topology in C(#; ®; p) is the topo- 
logy of uniform convergence on ®. It may also be noted that the norm of 
C(®; ®; p) is power multiplicative. (See (2) for a definition of that concept.) 

If ® is a locally compact space, it is possible to construct a compact space 
VW which contains every point of © and precisely one point not in ®. In case 
® is locally compact but not compact, this is achieved by the standard ‘‘one 
point compactification” (see (4, chapter 1, § 10, Theorem 3), for instance), 
in which a “point at infinity” w is added to ® to produce the compact space 
Vv. The case of a compact space ® is handled by adjoining an isolated point w 
to ® in order to form WV. In either case, a compact space WV is obtained by 
the addition of a single point w to ®. 

Conversely, if a point w is selected in a compact space ¥, then the comple- 
ment, ®, of w in ¥ is open and hence locally compact. (See (4, chapter 1, 
§ 10, Proposition 10).) Thus, there exists a one-to-one correspondence between 
locally compact spaces ®, and pairs consisting of a compact space W and a 
selected point w in ¥. (The correspondence is actually between equivalence 
classes, where the equivalence relation is homeomorphism.) This corre- 
spondence is related in an interesting way to the algebras of continuous 
functions which were introduced above. Let p be a real number with 0 < p < 1, 
let YW be a compact space with a selected point w in WV, and let A be the sub- 
algebra of C(W;®;) consisting of those functions in C(W¥; ®;p) which 
vanish at w. If @ is the complement of w in W, and if 7 is the mapping which 
carries every function in A into its restriction to , then it is easily verified 
that r is a norm-preserving isomorphism of A onto C(; ®; p), as algebras 
over Rt, 

The principal result of this section will now be proved; this result will 
show that if a complete normed algebra over an ®® has sufficiently many 
homomorphisms into ®®, as algebras over RM”, then the algebra is a 
C(#; ®; p) for a suitable locally compact space #. This theorem will be used 
in the next section in proving the principal theorem. 
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THEOREM 1. Let A be a non-zero, complete normed algebra over R”, for a 
fixed real number p such that 0 < p < 1. Suppose that for every non-zero c in 
A there is a homomorphism @ of A into R®, as algebras over R”, such that 
\|@(x)|| < N(x) for all x in A, and |\o(c)|| = N(c), where N is the norm of A. 
Then there exists a locally compact space & and a norm-preserving isomorphism 
a of A onto C(®; ®; p), as algebras over R”, such that © is compact if and 
only if A has a unit element. 


Proof. Let ¥ be the set of all homomorphisms ¢ of A into R, as algebras 
over R®, such that ||@(x)|| < N(x) for all x in A. The zero homomorphism 
of A into R® will be denoted by w, and clearly w belongs to ¥; the comple- 
ment of w in WV will be written ®. 

If do is in WV, if x1,..., x, are elements of A, and if « is a positive number, 
then the symbol {@o; x1, ..., X,; €} will represent the set of all @ in W such 
that |o(x,) — do(x,)| < « fori = 1,...,n. Let @ be the family of all sets 
{o; X1,..., Xn; €} aS do ranges over the elements of WV, as {x;,...,x,} ranges 
over all finite subsets of A, and as ¢ ranges over all positive numbers. Then 
if Wis used as a base for open sets in VW we obtain a topological space WV. 

Now, let &, be the closed interval {¢| |t)? < N(x)}, for each non-zero x 
in A. If & is the cartesian product of the 4 as x ranges over all non-zero 
elements of A, then & is compact since each 4, is compact. But ¥ may be 
identified with a subset of & in an obvious way, by letting the 4,-co-ordinate 
of @ be ¢(x), if @ is in ¥. Then the topology which was previously defined in 
WV is clearly the relative topology of V as a subset of & It is easily shown 
that WV is a closed set in 4 so that V is compact. 

For x in A, define x(¢) = $(x) for all @ in V, so that % is a real-valued 
function defined on ¥. Because of the nature of the topology which was 
introduced in ¥, each x must be continuous on ¥. The mapping x — x then 
becomes a homomorphism of A into C(W; ®; p), as algebras over MR”. 

If c is a non-zero element of A, then N(c) > ||@(c)|| = |d(c)|* = |c(¢)|* for 
all ¢ in WV, and it follows that N(c) > sup{|¢(@)|* |@ € W}. On the other hand, 
the hypothesis of this theorem asserts the existence of a @ in W such that 
Nic) = ||@(c)|| = |e(o)|* = |¢()|*, so that N(c) = sup{|¢(¢)|* |\@ € VW}. Thus, 
the mapping x — X is norm-preserving, and is consequently an isomorphism 
since its kernel would have to be zero. 

Let A be the image in C(¥; ®; ) of the mapping x — X, so that A is a 
subalgebra of C(W; ®; p). Since A is complete and is isometric to A, it follows 
that A is also complete, and A must therefore be uniformly closed in C(W; ®; p). 
Also, each element of A clearly vanishes at w. Finally, if ¢; and @2 are distinct 
elements of V, then $;(x) ¥ $2(x) for some x in A, whence *(¢;) # X(@2) for 
such an x. That is, every pair of distinct points of WV may be distinguished by 
an element of A; in the language of (9), A is a separating family for ¥. Corollary 
2 of Theorem 5 in (9) then shows that A is precisely the subalgebra of all 
elements of C(W; ®; ») which vanish at w. 
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But the discussion preceding this theorem then shows that there is a norm- 
preserving isomorphism + of A onto C(#; ®;), as algebras over R”. Let 
o be the mapping obtained by following the mapping x — * by the mapping 
7. Then ¢ isa norm-preserving isomorphism of A onto C(®; ®; p), as algebras 
over RR. 

In case A has a unit element e, then {w; e; 1/2} is an open set in V and 
contains only w, so that @ is closed in WV, and ® is therefore compact. Con- 
versely, if © is compact, then the constant function 1 belongs to C(®; ®; p) 
and acts as a unit element there; thus, A must have a unit element also, for 
A is isomorphic to C(®; ®; p). This completes the proof. 


Note. In Theorem 1, the space ® consists of all non-zero homomorphisms 
@ of A into R®, as algebras over R, such that ||¢(x)|| < N(x) for all x 
in A. However, if ¢ is a non-zero homomorphism of A into R” such that 
\|@(x)|| < N(x) for all x in A, then the inequality ||¢(y) — $(z)|| = ||6(y — 2)|| 
< N(y — 2) shows that ¢ is continuous, and it follows easily that ¢ is a 
homomorphism of A into R®,as algebras over R®. Thus, the space ® can 
be described as the set of all non-zero homomorphisms ¢ of A into R®, such 
that ||@(x)|| < N(x) for all x in A. (That is, the elements of @ may be regarded 
either as algebra-homomorphisms or as ring-homomorphisms.) 


3. Normed algebras which satisfy a reality condition. A two-sided 
ideal J in a ring R will be called a prime ideal if xy in J implies x in J or y 
in J; a two-sided ideal J in a ring R will be called a real ideal if x? + y? in J 
implies that x and y are in J. We shall say that a topological ring R satisfies 
the reality condition if every closed prime ideal in R is a real ideal. Kadison 
has considered a weaker type of reality condition in (6), where “‘strictly 
real” algebras are considered; the present methods seem to require a stronger 
reality condition, however, such as the one we have just given. 

In this section, Theorem 1 will be used in order to obtain a representation 
theorem for connected, commutative, complete normed algebras which 
satisfy the reality condition and which have a norm that satisfies a polynomial 
identity in the sense of (3). It will be shown that such an algebra can be 
identified with a C(; ®; p), for some locally compact space ® and for some 
real number p with 0 < p < 1 .First, some useful lemmas are obtained. 


LEMMA 1. Let E be an archimedean field with absolute value, such that E is a 
normed algebra over a complete field F with absolute value. Then E is complete. 


The proof is routine, and is left to the reader. 


LEMMA 2. Let A be a connected normed algebra over a complete field F with 
absolute value, and let E be a field with absolute value such that E is a normed 
algebra over F. Suppose that there is a continuous non-zero homomorphism 
of A into E, as algebras over F, and suppose that the zero ideal is a real ideal 
in E. Then there is a real number p with 0 < p < 1, such that there exist unique 
isometries of E and of F onto KR. 
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Proof. (A) is the continuous image of the connected set A, and is there- 
fore connected in E. Since ¢ is not the zero homomorphism, ¢(A) is a con- 
nected set which contains a non-zero element in addition to zero. The field 
E is not totally disconnected, then, and Lemma 15 of (1) implies that £ is 
archimedean. Lemma 1 shows that E is also complete. 

Let p be the exponent for E, as defined in §3 of (3). Then there is an 
isometry o of E into ©”. Because E is complete, ¢ is actually an isometry 
of E onto R” or ©”. But the zero ideal is not a real ideal in ©, so that o 
is an isometry of E onto R®. There is an obvious isometry of F into E, and 
F is therefore isometric to a complete subfield of R®, whence F is isometric 
to R, 

Finally, if Z is any field with absolute value such that LZ is isometric to 
some R, then there is precisely one isometry of L onto R. For, all isometries 
of L onto R® must agree on the prime field of Z and therefore on the closure 
of the prime field of ZL. But L is the closure of its prime field, since L is iso- 
metric to R, which is the closure of its prime field. Thus, all isometries of 
L onto ®” must coincide. In particular, the isometries of E and of F onto 
R” are uniquely determined. 


THEOREM 2. Let A be a non-zero, connected, commutative, complete normed 
algebra, over a non-discrete field K with absolute value. Suppose that A satisfies 
the reality condition, and suppose that the norm of A satisfies a polynomial 
identity on A (or a polynomial identity of order greater than 1 on a neighbour- 
hood of zero in A). Then there exist a real number p, with 0 < p <1, anda 
locally compact space ®, such that there is an isometry o of A onto C(®; ®; p), 
and such that © is compact and if only if A has a unit element. 


Proof. \f F is the completion of K, then (4, chapter 1x, § 3, no. 7) indicates 
that the completion of A is a normed algebra over F, so that A may be 
regarded as a normed algebra over F since A is complete. 

The norm, N, of A is power multiplicative, by Theorem 1 of (3). If c is a 
non-zero element of A, let ./ be the set of all power multiplicative pseudo- 
norms N’ subordinate to NV and such that: (i) N’(c) = N(c), (ii) N’(cx) = 
N’(c) - N’(x) for all x in A, and (iii) N’ (Rx) = ||R|| - N’(x) whenever e is in F 
and x is in A. It is easily verified that ./ contains NV, and is a hereditary 
system, in the terminology of (2). As in Lemma 4 of (2), it can be shown 
that ./ contains a minimal element N’, and (2, Lemma 2) shows that NV’ is 
a pseudo absolute value. 

The null ideal 7(.N’) is an ideal and a subalgebra of A, so that A/J(N’) is 
an algebra over F. Let N be the function defined on A/J(N’) such that the 
value N(X) assumed by N on the residue class X (modulo J(N’)) is the same 
as the constant value assumed by N’ on the elements of X. Then the algebra 
A = A/I(N’), with the function N as its norm, becomes a commutative 
normed algebra over F, and N is an absolute value on A. If 9 is the natural 


mapping of A onto A, then 7 is a homomorphism of A onto A, as algebras 
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over F, and N(n(x)) = N’(x) < N(x) for all x in A, while N(n(c)) = N’(c) 
= N(c) ¥ 0. The fact that N(n(c)) ¥ 0 shows that A contains a non-zero 
element, 9(c). Thus, A is a non-zero commutative algebra and has no proper 
zero-divisors since N is an absolute value. 

A standard procedure permits the formation of a field E of quotients for 
A, and E also is an algebra over F. If a, s € A, with s #0, let ||[a/s]|| = 
N(a)/N(s) define a norm in E. Then E becomes a field with absolute value 


such that E is a normed algebra over F. The natural mapping é of A into E is 
clearly a norm-preserving isomorphism of A into E, as algebras over F. Let 
@ be the mapping obtained by applying first 7, and then &. It is evident that 
¢ is a homomorphism of A into E, as algebras over F. Also, ||¢(c)|| = ||£(n(c))|| 
= N(n(c)) = N’(c) = N(c) ¥ 0, so that ¢(c) ¥ 0, whence ¢ is a non-zero 
homomorphism. For x and y in A, we have ||¢(x) — $(y)|| = ||@(x — y)| 
= ||E(n(x — y))|| = N(n(x — y)) = N’(x — y) < N(x — y)), and this in- 
equality shows that ¢ is continuous. 

Lemma 5 of (2) shows that the subordinate pseudonorm N’ of A must be 
continuous on A. Thus, 7(N’) must be a closed set since it is the pre-image 
under N’ of the closed set 0. Also, J(N’) is a prime ideal since N’ is a pseudo 
absolute value. But A satisfies the reality condition, and the closed prime 
ideal I(.V’) is therefore a real ideal in A. It follows easily that the zero ideal 
of A is a real ideal; that is, if X and Y in A are such that X? + Y? = 0, then 
X = Y = 0. Then E also has the property that if X and Y in E are such 
that X?+ Y*? = 0, then X = Y = 0. Thus, the zero ideal of E is a real 
ideal. 

Lemma 2 may now be applied, so that there are unique isometries of E 
and of F onto ®, for some real number p with 0 < p < 1. We note that p 
must be the exponent for F, and p is consequently also the exponent for K; 
thus, p is determined by K. We shall now identify E and F with R®, so that 
A is a non-zero, complete normed algebra over R; and for each non-zero c 
in A we have a homomorphism ¢ of A into R®, as algebras over R, such 
that ||¢(c)|| = N(c), as we have shown above. Finally, each ¢ also is such 
that ||¢(x)|| = |!€(m(x))|| = N(n(x)) = N’(x) < N(x) for all x in A, and A 
therefore satisfies the hypotheses of Theorem 1. It follows that there exist a 
locally compact space ® and a norm-preserving isomorphism ¢ of A onto 
C(#; R; p), as algebras over R”, such that © is compact if and only if A 
has a unit element. Since A was not given originally as an algebra over R, 
it is preferable to describe o as a ring-isomorphism rather than an algebra- 
isomorphism in the statement of the present theorem. 

It seems desirable to describe the space ® in terms of the normed algebra 
as it is originally given in Theorem 2. The note at the end of §2 permits 
us to describe ® as the set of all non-zero homomorphisms ¢ of A into R® 
(as rings), such that ||(x)|| < N(x) for all x in A, where pis the exponent for K. 


The question might be raised whether any of the hypotheses in Theorem 2 








om 
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may be dropped if the existence of an isometry of A into a C(®; ®; p) is 
regarded as a satisfactory conclusion. 

First, the reality condition cannot be dropped if we desire such a con- 
clusion. For, the field € of complex numbers satisfies every hypothesis of 
Theorem 2, except for the reality condition; but € contains an element i, 
the negative of whose square is a non-zero idempotent, while no C(; ®; p) 
can contain such an element. Thus, € can never be isometric to a subring 
of a C(®; ®; p). 

Connectedness of A is also essential in Theorem 2. For the field P; of 
3-adic numbers (see example 9 in (1), for instance) is a normed algebra 
over itself and satisfies all hypotheses of the theorem other than connected- 
ness; but Ps; is non-archimedean and therefore cannot be isometric to a 
subring of a C(®; ®; p), since every such subring is archimedean if it is not 
zero. 

Completeness of A cannot be dropped as a hypothesis of Theorem 2, either, 
for Dieudonné constructed in (5) a dense, connected subfield F of €, such 
that F is algebraically isomorphic to the field of real numbers; such a field, 
as a normed algebra over itself, with the ordinary absolute value as the norm, 
satisfies every hypothesis of the theorem excepting completeness. But if 
there were an isometry of F into a C(®; ®; p), completion would yield an 
isometry of ©, the completion of F, into C(®; ®; p), and this is impossible. 
Thus, F satisfies all conditions of Theorem 2 except for completeness, and F 
cannot be isometric to a subring of a C(; ®; p). 


Note 1. The assumption that K is non-discrete is used in Theorem 2 only 
to show that the norm of the algebra is power multiplicative, so that this 
theorem reiuiains true if the assumption that K is non-discrete is dropped, 
provided that the hypothesis that the norm satisfies a polynomial identity 


is replaced by the stronger assumption that the norm is power multiplicative. 


Note 2. The hypothesis of connectedness can be replaced in Theorem 2 by 
the assumption that the field K is archimedean, for the completion of K 
would then be connected, and it would follow that A is connected since it is 
a normed algebra over the completion of K. 
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COUNTING COLOURED GRAPHS 
E. M. WRIGHT 


1. Introduction. A graph on n labelled nodes is a set of n objects called 
‘“‘nodes,”’ distinguishable from each other, and a set (possibly empty) of 
“edges,”’ that is, pairs of nodes. Each edge is said to join its pair of nodes, 
at most one edge joins any two nodes and no edge joins a node to itself. By 
a k-colouring of such a graph we mean a mapping of the nodes of the graph 
onto a set of k distinct colours, such that no two nodes joined by an edge 
are mapped onto the same colour. We take k > 1. 

Following Read (1), we write M, = M,(k) for the number of such coloured 
graphs, F, = F,(k) for the number of such coloured graphs in which there 
is at least one node mapped onto each colour, and f, = f,(%) for the number 
of those graphs of the latter set which are connected. We write also T(a) = 2* 
and use >> to denote summation over all i such that 1 < i < k. Read (1) 
showed that 


! » ° 
(1.1) wa). Fe r( 40" 35 2), 


where >> .,) denotes summation over all sets of non-negative integers s; such 
that 


(1.2) > 5: = n. 


F,,(k) is the corresponding sum in which every s; is positive. Read also shows 
that 


n—1 
(1.3) falk) = F,(k) — > c \r, r(k)f-(R), 
t\y — 





where F(R) = F2(k) =... = F, 1(R) = (). 
If we put 
¥= v(x) = D7(- °F, 
l . 
we have 


2 Ww de FP r 
(1.4) yt = > T(— $n )F,(R)x 


! 


and 


(1.5) (1+ y)' 2 T(— 3n*)M,(k)x" 
wv i ae ee 


ll 
: 
M 
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as remarked by Read. Hence, or directly from (1.1), we have 
~(k 

(1.6) M,(k) = >> (*) F,(r). 
r=] 


The series for ¥ and the series in (1.4) and (1.5) are convergent for all x 
and so represent integral functions. On the other hand, Read deduces (1.3) 
from the formal relationship 


~ F, k n a (k)x" 
i > “ - exo( Mh i ), 


in which both series diverge for all non-zero values of x. 
Read deduces from (1.4) and (1.5) respectively that 


. n-1 
(1.7) Fy(k) = DU fs are, — 1) 
r= 
and 
n—1 
(1.8) M,(k) — M,(k — 1) = >> (* Jaron ce — 1) 


and uses these to compute F, and M, for small values of k and n. He remarks 
that M,, unlike F,, is a polynomial in k of degree n and this follows from 
(1.8) by induction. He uses (1.8) to calculate M, as a polynomial in k for 
nm = 1, 2, 3, 4. 

If we differentiate (1.5) logarithmically with respect to x, rearrange and 
equate coefficients of x", we have 


n—1 
(1.9) Mat) = > 2°? ,(k)} (" \s = (" . )} +k 
r=1 r ,— 1 


and this expresses M,(k) in terms of M,(k) for r < n and does not involve 
M,(k — 1). The polynomial property of M,,(z) follows from (1.9) by induction 
even more trivially than from (1.8). Again, if we put 


M,(k) = >> ansk’, 
s=1 


substitute in (1.9), and equate the coefficients of powers of k, we find the 
recurrence formula 


ay n—1 = n—1 
ie or(n—r) ati or(a—r) aa 
Ons = 22 r r,s-1 = > > - a 1 Ars 
for the coefficients in the polynomial M,(k) when s > 1. In particular 


— oni _ ie ghn(n 1) 
Gan = & Ge-ta—-1 =... 4 ° 


Similarly we can obtain 


(n — k)F,(k) = > 2i-00-9 p(y) ( "Ye - ( ‘ J}. 


s-—1 
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Although F,() is not a polynomial in k, we have 
n! kn—he2—4e 
—— 
(n — k)!~ Jn-x(k), 


where J,,(k) is a polynomial of the mth degree in k such that Jo = 1 and, 
for n > l, 


F,(R) = 


n—l n+1 
n(n +1)J, = > gie-ve-w( - Ne — u)k — u} Jy. 


u=0 


2. The main theorems. But these results are fairly trivial. Our purpose 
here is to find asymptotic formulae for the behaviour of M,, F,, and f, for 
fixed k as n >. We define a as the least positive residue of m to modulus &. 
We use A (with or without a suffix) to denote a positive number, not neces- 
sarily the same at each occurrence, which depends at most on & and on its 
suffix, if any. The notation O( ) refers to the passage of m to infinity and the 
positive number involved is Ay. We write K = ${1 — (1/k)}. 

We shall prove 


THEOREM 1. As no, we have 
( k te awit . . ) 
9 an | eae Noy Kn* - / 
(2.1) M, oe Rees 2d Can + O(n") ¢, 


where C, = C,(k,a) depends on k, h and the residue of n (mod k), but not 
otherwise on n. 


THEOREM 2. As n—-o, 
F, ~ fn ™ My. 
In fact, 
F,/M, =1+O(e*"), = fan/M, = 1 + O(€™") 
and so (2.1) remains true, with unaltered coefficients Co, Ci,..., if M, 1s 
replaced by F,, or by fy. 


Theorem 2, which we deduce fairly simply from Theorem 1, disposes of 
F, and f,. The coefficients C, are of interest. Each can be expressed in terms 
of one or more multiple series. In particular, 


(2.2) Co(k, a) = k*(log 2)**-” (24) 4" L (a), 


where 


2 
(2.3) L(a) = > 1(- 2D sit ¢) 


and the sum } «)) is over all integral values of the s;, positive, negative, or 
zero, subject to the condition 


(2.4) yr S; = a. 
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It can be shown very simply that L(— a) = L(a@) and that L(k + a) = L(@). 
Apart from a trivial factor, L(a) is a generalized theta-function and the 
transformation theory of such a function may be used to obtain information 
about the value of Co(k, a). This involves a good deal of elaborate detail, 
however, and we postpone it to a sequel. Here we prove more simply that 
Co(k, a) differs from 1 by a very small amount. 


THEOREM 3. Jf ¢€ = 1.33 X 10~-°, then 
l1—e< Co(k,a) <lt+e 
for k < 1000. For k > 1000, we have 
(1 — e)(1 — 10-"*)* < Co(k, a) < (1 + &) (1 + :10-")*. 
But Co(k, a) is not independent of a. In fact, we shall show that 


(: 


tbo 
or 
Sa 


Co(2, 0) # Cy(2, 1). 


To put it roughly, Co(2, a) does depend on a, though only very little. 

It is not surprising that M, (and F, and f,), like other enumerative functions, 
should depend on the residue of (mod k) as well as on the size of n. For 
example, the number of partitions of m into k parts can be expressed as a 
sum of powers of m up to n*-', the coefficients of which depend on the residue 
of n(mod k!). But the coefficients of the larger powers, in particular n*~', do 
not depend on this residue. Again, the well-known “‘singular series’’ in Waring’s 
Problem depends on the arithmetical properties of m. But these enumerative 
functions of m are fairly small. The asymptotic expansions of the larger 
enumerative functions (for example, p(m), the number of partitions of n into 
any number of parts, for which p(n) ~ Bon exp(B,V/n)) do not have the 
coefficients of their dominant terms dependent on the congruence properties 
of nm. Thus it is a somewhat unusual phenomenon that M,, which is very 
large indeed, has Cy depending on the residue of m(mod k) but, according to 
Theorem 3, only a little. The distinction between the size of m and its arith- 
metical properties, and indeed the whole of the remarks of this paragraph, 
are deliberately vague. But the point involved seems in some ways the most 
interesting part of the results. 


3. Proof of Theorem 2. If we write u; = ks; — n and 


ga; & = > “ur = » (ks; —n)™" (m>O) 


and suppose (1.2) to be satisfied we have 


(3.1) S,= >> (ks; —n) = k( >, 5, —n) = 0, 
(3.2) S2 = k*>> si — 2kn > s,+ kn’ = k*> si — kn” 
and so 


(3.3) k®(n® — > st) = k(k — 1)n” — S. = 2k’Kn’ — S:. 





Si 
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Since S; > 0, we have 


and, by ( 


T(4n* — 40 st) = T(Kn® — 4k°S.) < T(Kn’). 
1.1), 


M,(k) < T(Kn’ 25 ae = k"T(Kn’). 


a) 


This is true for all & and all x. 
It follows from the definitions that 


0 <filk) < Falk) < Milk 


for all n > k. Again, by (1.6), 


k-1 k k—1 ke 
M,(k) — F,(k) = >> ( Fer) ez ( , )macr) 
rl 


If we now 


r=l 


1 a'( 1 p= (*) 
< (k — 1°75" L--T) ae r 
< 2*(k — 1)"T{Kn’* — 4n’/(k* — k)}. 


assume Theorem 1 to be true, we have 


(3.4) (My — Fy)/My < An®®"{1 — (1/k)}"T{ — 4n°/(k* — k)} 


< ag™. 


Next, by (1.3), 


n—1l 
cz ” c LY Mr M, 
r=1 


n—1 
ny \erik(n — 1) + Kr 


and, again assuming Theorem 1, we have 


Now 


Fr — fa © 4yht—» (" \ri-2 B. 
7M, An > ("= It) Kr(n — 1)}. 


[hn] - [}(n—1)] — 
< > T(— Krn) + > _ )T(— Ksn) 
< 9°™*(1 + sa + (1 4 9 “Ka)n—1 = 1 
= (1+ 2%)" — 1 < "(1 + 2)" "* < And ™ 


687 











688 E. M. WRIGHT 


Hence 
0 < (F, — fa)/M, < An2™™" < Ae. 


Theorem 2 follows from this and (3.4). 


4. Proof of Theorem 1. Next we prove Theorem 1. We write 


P = P (si, Saws he) @ ae —— ° 
Sas 20 o Spe 

By (1.1) and (3.3), we have 
(4.1) T(— Kn*)M, = >> PT(- 3k°S:) = '+ DO”, 
where >~’ includes all those terms for which |ks; — n| < n' for every 1. For 
every term in >>”, we have |ks,; — n| > n' for at least one value of i and 
so S; > n’. We have then 
(4.2) >” < T(- An) > "P(s:,..-, 5a) 


< T(— An’) > P = k'T(— An). 


Now we consider any term of >>’, so that s; > A, for every i. By Stirling’s 
formula, for n > A, 


H—i 
log (nm!) = (mn + 4) logn — n + 4 log (27) + >. qn” + O(n) 
h=1 
and so 
log P = (n + 4) logn — > (sy + 3) log s; — $(& — 1) log (27) 
H—1 
+ > a(n” — sz") + O(n). 
h=1 
Also 
(n + 4) logn — >> (s, + 3) logs, 
(n + 4) logn — >> (s, + 4) log (n/k) — > 
1 


— 4(k — 1) logn + (n + 3k) logk — >, 


1 


where 


since S, = 0 by (3.1). Again 








al 
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n*(n™* — Do sy") = 1 — RDS (1 + (ui/n)}” 
+. a o(mt+h—1) Se} 
=" Wyk + DC o"( h-1 n™ 
and so 
a+! 
ay oe Tee o(mt+h—1) S, 
n ils n™ d 1) h a 1 nn’ . 


Hence, if we take H odd, 


(4.3) log P = (n + $k) logk — $(k — 1) log (240) 


H—1 
+ D0 dyn + Ofn-*(1 + Sus}, 
h=1 
where 


h+1 


d, = 2d v(k, h, m) Sm 


is a polynomial in the u, of degree at most h + 1. Now 


H-1 - 
exp( Dy ayn) =1+ > D,n™, 


_—" 
Ds - wey I (2), 


the sum being taken over all partitions of h, a typical partition being into m, 
parts 1, m2 parts 2, and so on, and the product over every different part c 
in the partition. Thus D, is a polynomial in the u, of degree at most 24 and 


(4.4) Dy < An(l + Sea). 
Hence, by (4.3), 


where 


(4.5) } Pr - 5) = aren > 4 + o( +,Vin) t 
where 
Vn = Do 'SuT(— $47*S:) 
and 
Js = Vi, In = DD 'D,T(— 4k7*S:). 
We write 


Vn = Va (n) 


Dd SaT(— $4-*S:) 


((n)) 


with the notation introduced in (2.3). The sum is certainly convergent and 
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(4.6) lV. — Vil< 2d, \Sn|7(— $k-*S:) 


S2>nt 
<A, > fYT(— At) < AnT(— An"). 
tan 


We see that, when m > 0, 


| 
M 
-o- 
r 
| 
= 
“3 
Il 
M 
> 
~ 
| 
os 
| 
2? 
| 
=~ 


Su (Si, Sa)...» S_3%) = 
= 5,(s; — 1,s:—1,...,: Ss. — l;n — k) 
and so, when m > 0, 
(4.7) Vin(n) = V»,(n — k), 


from which it follows that 


(4.8) Vin(nm)| < max |V,,(a)| < A. 


la <hk 


We write 
Jo= Vo, Jn _ J,(n) aa ym D,T(— bk*S:), 


the convergence of the last sum following from that of Vo and Va by (4.4). 


Also 
Jn — Jh| < AgT(— An™) 
by (4.4) and (4.6). Hence, by (4.1), (4.5), and (4.8), 


(4.9) M, = an) EET Kn) In” + O(n “yt 


h=0 


We can show, just as for V,,(m) in the last paragraph that J,(m) = J,(n — k) 
and so |J,(m)| < A,. (4.9) is now Theorem 1 with 


Cc, = = G n(R, n) = k (log 2)8*- (2¢) 44-97, 


and C,(k, n) = C,(k, a), if a is any residue of n(mod ). 
By (3.2) and (2.3), 


Jo(n) = Vo(m) = L(n). 
Hence, by (4.7), L(m) = L(a) and (2.2) follows. 


5. Proof of Theorem 3. We now evaluate Co(k, a) and L(a), which are 
defined by (2.2) and (2.3). We suppose (2.4) satisfied and write 


k—1 
T,=a-—- > s (O<r<k-2), Tria. 


t=r+1 


We can prove by induction on r that, for 1 < r < h — 1, we have 


: ta # {@ + 1)ss— Td* | Tr 
(6.1) st 2s -> i(i + 1) +F1° 
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For r = 1, (5.1) reduces to 
2 2 ‘ 7 \2 2 
Ss +51 = $(2s, — 7,1)" + 473, 
which is true since 
k—1 
T,=a- DY 54 = 51 + Se. 
i—=2 


If we assume (5.1) true for r = R — 1, its truth for r = R follows provided 
that 


R(R + 1)se = {((R + 1)sz — Tp}? + RTR — (R+ 1)TR-1 
and this is a trivial consequence of the fact that Tp = Tp 1 + Sp. 
If we put r = k — 1 in (5.1), we have 


k—1 
> si = Dd 24s, + ys)? + (0*/k), 
i=l 


where 





Hence 


(5.2) L(a) = > T{-3 d si + 4@’/k)} 
~ k—1 ,\ 
= 2 T\- Losi +0) ¢. 
81 40+ 8k -1 =o t=1 


We have thus eliminated s,. 
We now take x > 0 and write 


W(x, y) = Derr”, W(x) = W(x, 0). 
An application of Poisson's formula (2) gives us 


4( co 2,2 ) 
(5.3) W(x, ¥) = (2) 1 + 2>> exp( - 1 2aty(. 
J t=1 : 


If we put y = 0 in this, we have 
W(x) = (9/x)!W(x?/x). 
It follows that 


x , ~ rt’ \, 
(5.4) ~) Wy») -1) < 2>° exp| — —— } |cos 2aty| 
t=1 ’ 
<2>> exp - sf) = w(=) — 1. 
t=1 x .x 


x,=A,log2, B, = W(x*/x,) — 1, 


We now write 
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so that, by (5.4), we have 


1 — B, < (x ,/x)*W (x, yi) < l + B,. 
We have then, by (5.2), 


© k-1 ) 
L(a) = _ W (x, ys)T) — DL Ads: + y)*t 
32.83.---,8k-1=—o@ \ i= / 
e ; ” f k—-1 ‘ 
“(5 )G+B) De M- LAdst yoy, 
since B, is independent of y; and so of Sse, ..., Se_; and all the terms in the 


last sum afe positive. Continuing this process step by step, we find that 


k—1 
L(a) < TT {x74 + By}. 
i=—1 


Now 


and so 


4(k—1) k-1 
Co(k, a) = (82) L(a) < [] (1 + By). 


A precisely similar argument, with inequality signs reversed, shows that 


Co(k, a) > i (1 — B,). 
The B, are very easy to compute. We find that 
B, = 1.3097 X 10-, B, = 1.1374 X 10-° 
and so on; in particular, 
Baw < 10-". 


Theorem 3 follows quite simply from the calculations. 
On the other hand, if k = 2 and s; + s: =a, 


si + s3 — 4a” = 4(s; — se)? = 4 (2s, — a)” 


and so 
La) = > 2-4 = Wilog 2, — 4a). 
Hence 
log 2\* ~ mx 
Co(2, a) = W (log 2, — 4a) = 1+ 2 >> exp| — —~ cos maa 
T A log 2 
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by (5.3) and so 
2 0) — Col2, 1) = 43 exp — Gm +_1)'s") 
Co(2, 0) — Co(2, 1) = 420 exp( log 2 
> 4exp(— x’/log 2) > 2.6194 x 10~°. 


(2.5) follows and we observe also that C)(2,0) and C,(2, 1) differ by very 
nearly as much as Theorem 3 allows. 
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A NORMAL FORM FOR A MATRIX UNDER THE 
UNITARY CONGRUENCE GROUP 


D. C. YOULA 


1. Introduction. Let C be a square matrix with complex elements. If 
C = C’ (C’ denotes the transpose of C) there exists a unitary matrix U such 
that 


(1) U’CU = diag[u:, M2, -++5 Mn] 
where the y's are the non-negative square roots of the eigenvalues y”, ws”, ..., 


un® of C*C (C* is the adjoint of C) (2). If Cis skew-symmetric, that is, C= —C’, 


there exists a unitary matrix U such that 


(2) ra @ 2. + Zest... + +04... +8 

where 

(3) E,=| ° ar | a,>0O, r=1,2,...,2, 
—a, 0 


and the a’s are the positive square roots of the non-zero eigenvalues a,’, 
ay*,..., a," of C*C (1). Clearly rank C = 2k and the number of zeros appear- 
ing in (2) is m — 2k. Both (1) and (2) are classical. In a recent paper (3) 
Stander and Wiegman, apparently unaware of (1), give an alternative deriva- 
tion of (2) with its appropriate generalization to quaternions. 

The forms appearing on the right-hand sides of (1) and (2) possess the 
distinction of actually being canonic for symmetric and skew-symmetric 
matrices, respectively. The problem of finding a canonic form for an arbitrary 
matrix under the group of unitary congruence transformations is not only 
of mathematical interest but of the utmost importance for applied electrical 
engineering network theory, representing as it does the physical operation of 
embedding an m-port in a lossless, reciprocal “‘all-pass’’ 2nm-port (4; 5). In 
this paper a start is made on this problem by obtaining a normal form for 
an arbitrary matrix under a U’, U transformation and it is shown that (1) 
and (2) are immediate corollaries. Now U’'CU = W, U unitary, implies that 
U*CCU = WW = U-'CCU. Thus CC undergoes a similarity transformation 
and it is not surprising that a leading role is played by the eigenvalues of 
CC. It is also shown that the normal form of C collapses into a direct sum of 
matrices if CC is normal. A set of sufficient conditions is given for this form 
to be canonic. 


Received October 3, 1960. The work described in this memorandum was conducted at the 
Microwave Research Institute of the Polytechnic Institute of Brooklyn under Contract no 
AF-19(604)-4143 with the Air Force Cambridge Research Center. 
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The technique employed is quite elementary and is inspired by an idea 
used by Schur in his treatment of the symmetric case (2). 


2. Notation and preliminary results. Let A be an arbitrary matrix. Then 
A’, A, A*, A-", d(A), and r(A) denote the transpose, the complex conjugate, 
the adjoint A’, the inverse, the determinant, and the rank of A respectively. 
Column vectors are indicated by a, b etc., or in the alternative fashion 
a = (a), d2,...,@,)’ whenever it is desirable to exhibit the components 
explicitly. 0,, On., and 1, represent, in the same order, the n-dimensional 
zero vector, the m X n zero matrix, and nm X n identity matrix. 

Consider a general m X m matrix of complex elements C = B + iD where 
B and D are its real and imaginary parts. To C can be assigned the real 
2n X 2n matrix 


(4) T(C) = [a4 } 


The properties of 7(C) are subsumed in Lemma 1 (2). 


LemMMA lI. (1) The eigenvalues of T(C) occur in negative pairs. (2) The eigen- 
values of T(C) occur in complex conjugate pairs. (3) Let the matrix CC possess 
the distinct eigenvalues 1, d2, . . . , A» with respective multiplicities ry, ro, ... 5 Tr» 
Then the distinct eigenvalues of T?(C) are dx, \2,..., A» with respective multi- 
plicities 211, 2re,..., 27>. 


Proof. By direct verification 


(5) oiT(C)oy' = — T(C) 
where 

. 0 he 2 
(6) a-(—2 1a], i ella 1 on. 


(2) Since 7(C) is real, its characteristic equation has real coefficients. (3) 
A straightforward calculation yields 


oT (Clon = CC + CO 


where 


ait - 1, | —t, | . of 
v2 = 2 il, 1, , 22 = Qn» 
Q.E.D. 


LemMA 2. Let C = B + iD (Band D real) be an n X n matrix. There exists 
a non-trivial n-vector a and a scalar & such that 


Ca = ta 


if and only if CC possesses a non-negative eigenvalue. 
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Proof. Suppose (9) is satisfied for some non-trivial a. Then, 
CCa = ¢Ca = |¢/’a, 
that is, a is an eigenvector of CC corresponding to the non-negative eigen- 
value |¢|*. Conversely if CC has an eigenvalue ¢* > 0, — > 0, it follows, by 


Lemma 1, parts (1) and (3), that + ¢ are both eigenvalues of 7(C). Thus 
there exists a real 2n-vector 


@) += (=| 


such that 


8) [241 2, 


or, in expanded form 





fa, = Ba, — Daz, 
—ta,. = Da, + Bax. 
.£(@; — ta2) = (B + iD) (a; + a2). 


(9) se ga = Ca, 
(10) 0 #a = a; + ids, 
Q.E.D. 

Lemma 3. Let CC have the non-negative eigenvalues £,°, 2",..., ,?, &, > 0, 
r =1,2,...,v. Then there exists a unitary matrix U such that 

V So <— 9 
dais a1 Gp 

(11) U'CU -|4 | 
where Aisav X v upper triangular matrix with diagonal elements £;, £2, . . . , &>. 


Proof. According to Lemma 2 there exists a non-zero m-vector a; such 
that a,*a,; = 1 and Ca, = &@;. Let A be an m Xm unitary matrix with 
columns 4, a2,...,@,. Then, 


(A'CA),.. = afCa, = &a(a, 





= |, k=l, 
= 0), > 8 
Hence 
, , 1 |M})1 
= seh [stl ~% 
1 n-—-|1 
and 


1 
, *6c4 - | LL ak 
(13) mA [§ NN Jn -—1’ 





ia 


—- > wey 
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where 
(14) P=§M+ MN. 


Now N is an (m — 1) X (m — 1) matrix and since the remaining eigenvalues 
of CC and NN coincide, the proof of the lemma is very easily completed by 
induction. Let V be an (m — 1) X (m — 1) unitary matrix such that 


yv—-la-yp 


td rn aE | a 
vwv = [1a] ~1 





where 6 is a (vy — 1) X (» — 1) upper triangular matrix with the diagonal 


entries £2, &3,...,&. Then, the m X m matrix 
te Alito 
_— Al; | | 
is unitary and 
& | £ | F jl 
U'CU=|0 |8 | M\ry-1 


in which 
MV = [E|F), 
a aed 

a-(é 6jlv—4. 
and 

ie £1 

a=[4 ; 
Q.E.D. 


By applying Lemma 3 to C’ it is easily established that there is also a 
unitary matrix V such that 


‘ nr AM 
(15) vev =|2 ) a= 


A being a lower triangular » X v matrix whose diagonal elements are 


£1, &2, . .* » E>. 


Lemma 4. Let — dX? > 0 be an eigenvalue of CC. There exist two linearly 
independent n-vectors a and b such that 
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(16) Ca = db 
and 
(17) Cb = — da. 


Proof. By hypothesis — \* } 0 is an eigenvalue of CC. Let a be an associ- 
ated eigenvector: 


(18) CCa = — d’a. 
Define the vector b by 
(19) Ca = db. 
From (19) and (18) 
CCa = \Cb = — d’a. 
..Cb = — da. 


Now suppose that a and b are linearly dependent, that is, b = ua, uw a scalar. 
Substituting in (19), Ca = \ga, whence, using (19) once again, 

(20) CCa = \uCa = |du!’a. 

Equation (20) shows that a is also an eigenvector of CC corresponding to 
the positive eigenvalue 





Au|? = — A*. But this is impossible because eigen- 
vectors belonging to distinct characteristic values must be linearly inde- 
pendent, Q.E.D. 

Since CCb = — (X)*b, b is also an eigenvector of CC with eigenvalue 
— (X)*. If \ is real a and b are two linearly independent eigenvectors of CC 
corresponding to the same negative eigenvalue — \* < 0. Hence any negative 
eigenvalue of a matrix of the form CC is at least of algebraic multiplicity 
two. It will soon appear that its multiplicity is always an even integer. More 


important is the observation that for — A* < 0, A > 0, it may always be 
assumed, without loss of generality, that a*b = 0. For, if Cay = Abo and 
Cby = — Ado, Cx = Ay, where x = a; + ube, y = bo — fay and yu is an 


arbitrary scalar. By choosing u to be one of the roots of the quadratic equation 


(as bo)u + (ay ao — b: bo)u es as bo = 0, 


x can be made orthogonal to y. Since x is also an eigenvector of CC associated 
with the eigenvalue — \? < 0, the result follows. 

If \ is complex and — \* > 0, one resorts to the Schmidt process to create 
an orthonormal pair x and y (choose a*a = 1 from the outset). Let 


(21) a=xX 
and 
(22) b = ux + ny, 


uw and 7 being scalars. The conditions x*y = 0, x*x = 1 yield 
(23) uz = a*b, 


(24) ln|? = (b — wa)*(b — wa) > O. 
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Equation (24) defines only the magnitude of 7 which may therefore be chosen 
real and positive. Similarly, by changing the argument of a suitably, u > 0. 
As has already been pointed out, if \ > 0, u = 0. Substitution of (21) and 
(22) into (16) and (17) gives 


(25) x’Cx = dy, 
(26) y’Cx = dn, 

= ” Li 2 
(27) eCy = — 2 + te), 
(28) y’Cy = — ex, 
»>0O, wu > 0. 


Let A be an m X n unitary matrix with x and y for its first two columns. 
Then, by equations (25)—(28), 


2n-2 
x Gi | 
mw 1A oe | | 1 
(29) A'CA F C, In —2 
where 
- ; ; 
Mui — ml + Ap ) 
(30) L =|— - 0, 7>0. 
| Se = he D> n 
If > 0, » = O and 
O\- A 
n 
3 = | — ie fl A 0, 0. 
(31) ) >» ml oO >0, 17> 





Observe that 


(31a) A*CCA -|= > nf E+ OCs] 


O CC 
and 
. — »*/ &ca? — 3?) 
‘(31b) Lt =| 7 oe 


A repetition of the process on C2, etc., leads to the conclusion that any 
negative eigenvalue of CC is of even multiplicity because each successive 
step contributes two identical ones. Combining this with the fact that the 
eigenvalues of CC occur in complex conjugate pairs leads to Lemma 5. 


LemMA 5. Let C be an arbitrary n X n matrix. Those eigenvalues — d* of 
CC which do not lie in the half-line — \*? > 0 may be arranged in the tableau 


— Xi, — Ae ee) — Ap 


(32) - Ki), — Ge}',....—- Ge 








700 D. C. YOULA 


and there exists a unitary matrix U such that 


ee i sic. i» 
(33) ucv =| -2\¢ n — 2k 
2k n— 2k 
where 
) x # x 
0 ie x x 
(34) Q2=15) 6 ae Qk 
- 2 © 2 
Qk 


ts a block upper triangular matrix in which the 2 X 2 ='s are defined in (30) 
and the crosses indicate the possible presence of non-zero 2 X 2 blocks. Observe 


that (31b) implies that QQ is upper triangular. 
Proof. Induction. 


Enough material is now on hand for the main theorem. 


3. A normal form for a matrix under the unitary congruence group. 


THEOREM 1. Let C be an arbitrary n X n matrix. The eigenvalues of CC may 


be arranged as follows: 


£5, be - - « » & Se > 0, -_ > ee 
(35) — i, — Adee, — A ALO, f= 1,2,...,2, 
— (Ki)®, — (Ke)?,..-, — Oe)’, v+2k=n 
Furthermore, there exists an n X n unitary matrix U such that 
(36) U'CU = -# a 
y 2k 


where Ais av X v upper triangular matrix with diagonal elements £, 2, . . . 
and Q is a 2k X 2k block upper triangular matrix possessing the structure (34) 
in which the 2 X 2 2's are as defined in (30) for complex \ and (31) for \ > 0. 


Proof. Lemmas 3 and 5. 


CoroLLary 1. Let C = C’ be a symmetric n X n matrix. There exists an 


n Xn unitary matrix U which reduces C to the diagonal form (1). 


Proof. Since CC = C*C, all eigenvalues of CC are non-negative. Hence 
vy = n and k = 0. By Theorem 1 there exists a unitary matrix U such that 
U’CU = A, an m X nm upper triangular matrix. But A must be symmetric 


and therefore is actually diagonal, Q.E.D. 
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CoROLLARY 2. Let C = — C’ be an arbitrary n X n skew-symmetric matrix. 
There exists an nm Xn unitary matrix U which reduces C to the direct sum 
form (2). 


Proof. Since CC = — C*C, all eigenvalues of CC are either negative or 
zero. Let U be that unitary matrix which transforms C into the right-hand 
side of (36). The skew-symmetry of C implies that A = 0,,,, C, = 0,,%, and 
Q is the direct sum 


Q=2,+ i a 


each = having the structure (31). Now the 2's themselves must also be 
skew-symmetric and therefore all y’s = 1. That is to say, 


0/—., 
= = 9 
) «a [2 5 Jno, r=1,2,...,k, 








Q.E.D. 


COROLLARY 3. Let C be an n X n matrix. There exists an n X n unitary 
matrix U such that U'CU is either upper or lower triangular if and only if the 
eigenvalues of CC are all non-negative. 


COROLLARY 4. Let C be an nm X n matrix. There exists an n X n unitary 
matrix U such that U'CU is a block upper triangular matrix 2 (see (34)), the 
D's being defined by (31), if and only if all eigenvalues of CC are negative. 


In either of the two cases C symmetric or C skew-symmetric, CC is normal 
and it is reasonable to expect that (36) simplifies considerably even under 
this more general restriction. A complete answer is available and easily 
obtained with the aid of Lemma 6. 


LEMMA 6. The matrix 
. _[4|B)k 
(37) o-(4/4 | 
kr 
is normal if and only if B = O,,, and A and C are normal. 


Proof. The condition QQ* = Q*Q yields the three matrix equations 


(38) A*A — AA* = BB*, 
(39) A*B = BC*, 
(40) CC* — C*C = B*B. 


By (38), trace(BB*) = 0. Thus B = O,,, A*A = AA*, and C* C=C C*, 
Q.E.D. 
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One corollary of this lemma is that any normal block-upper or lower tri- 
angular matrix Q (the 2's can now be arbitrary square blocks) is a direct 
sum Q = 2, + Ye+...+ . 

THEOREM 2. Let C be an n X n matrix. There exists ann X n unitary matrix 
U such that 
(41) U'CU=A+2 
where 

(1) A ts square and upper triangular, 

(2) AA is diagonal, 

(3) Q ts a block upper triangular matrix of the form (34),-the blocks = being 
defined generically by 


(41a) > =|—— es 


and 
(4) Q@ is diagonal, 
if and only if CC is normal. 

Proof. Suppose such a U exists, A and Q possessing the properties enumerated 
in (1) to (4). Then, 

U*CCU = Aa + OQ, 

a diagonal matrix. Since CC is unitarily similar to a diagonal matrix it is 
normal. 


Conversely, let CC be normal. By Theorem | there exists an  X n unitary 
matrix U such that 


‘ reorT A Cy Vv 
(42) 7 -|4 ae 
vy 2k 
where A is upper triangular and @ is as described in (31) and (34). Now 
* war, _ | Alc, + Ca|; 
(43) U CCU = | 0 — Op 
v 2k 


The normality of CC implies that of the right-hand side of (43). By Lemma 6, 


(a) AC, + C8 = 0,» 
(44) (b) AA is normal; 
(c) 92 is normal. 


But AA and 22 are already upper triangular, and must therefore be diagonal. 
According to (44), 
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AC, =e C,2 


or 
(45) AAC, = — A€,9 = C,aa. 


However, the eigenvalues of JA are all non-negative and those of 2Q are 
either negative or complex. Thus AA and 9@ have no eigenvalues in common 
and by a well-known theorem the only solution of (44) is C; = O,.». As 
regards (41a), refer to equations (23) and (24). Since CC is normal any two 
eigenvectors a and b corresponding to the complex characteristic values — \? 
and (— X)? must be orthogonal and therefore all u's are zero and (30) collapses 


into (4la), Q.E.D. 


COROLLARY. A sufficient set of conditions for (41) to be canonic (under a 
prescribed ordering) is the following: any negative eigenvalue of CC is of algebraic 
multiplicity not exceeding two and all other eigenvalues are simple. 


Proof. Let U'CU=A + 9 where (see Theorem 2 and (31b)) 


(46) AA = diag{ti, &,...,%] = Di, & >0, (i= 1,2,...,¥), 
and 

(47) QQ = — diag{Aj, (X1)*, A3, (Xe)*,..., AZ, (Ke)?] = — Do. 

From (46), AAA = AD, = D,A = D,A. Thus, 

(48) (A) 5 = (A) ribs, (r,j = 1,2,...,»). 


Since, by hypothesis, &,? # &7, r # j, (A),; = 0, r #j and A = diag[éh, £2, 
ee . ; 

Again, from (47), — 222 = QD, = DQ. Now Q is of even order 2k and 
may be partitioned into 2 X 2 blocks. For example, if 2k = 6 


~) 
bo 
7 


(49) 2=)0 le «OU 


nN bw bw 


The matrix equation QD, = D2 gives 
P diag{X3, (X2)*] = diag[(X1)*, Ai]P. 
From the assumptions, \».? # \,? # A,” and therefore P = O2.». All other 


2 X 2 blocks are treated in the same way and shown to be zero matrices. Con- 
sequently 


where 
o \* 
£ —_ een Nr ( = 9 
(51) u,= cay BE r= 1,2,...,h). 
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All that remains is the evaluation of the y's. From (50) and (51), 


(52) U~'C*CU = diag{ti, #3, ... , & nilAal?, ai JAal®, ..~, mel al”, mele!) 
Let the ¢’s be ordered so that &; < &2 <,..., < & and the \’s so that 


[Aa] < |Aa] <,..., < |Ae|. Assume the eigenvalues of C*C to be ordered accord- 
ing to the scheme 





2 ,2 tt Oe So oe 2 2 
f1, £o, eee ty, 11, @12, H21, Hea, . - - » Api, Mee 
in which all a’s > 0 and 
11012 Qj 2102 K,. . . » LS Mercier. 


Then, 


(53) a = / (22), (yr = 1,2,...,k). 


In other words the n’s are uniquely determined by C, Q.E.D. 
The reader shuold note that the above corollary does not necessarily include 
the cases C = C’ or C = — C’ which in general require separate arguments. 
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